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igh School mathematics teachers have long heen aware that ther students

should know not only something about the development of pure mathematics

but also semething about its applications. Several years ago NASA, recog-
nizing the appeal of aerospace activities, initiated and supporied the development
of currieulum supplements for several high school courses. Because attainments in
aerospace wiuld not be possible without mathematics, it was most appropriate
that a supplementiary peblication dealing with space activities be prepared for
teachers of muthematics

I'hie first mathematics curriculum supplement, Space Mathematics, A Resource for
Teachers, wus published in 1972, One of the most popular and oft-requested of the
supplements, the book has been unavailable for several years, This volume up-
dates the carlier work. We hope that s new generation of students will become
more interested in mathematics as the result of secing some of its significant appli-
cations in recent and current space projects, Working problems such as those in
this book should enhance both the mathematical Knowledge and skills of students
and their appreciation and understanding of serospace technology and achieve-
menis

MASA's Technical Monitor for this project was Muriel M. Thorne, Educational
Programs Officer, under the general direction of William D Nixen, Chief of Edu-
calion Services, MASA

Mational Aeronadlics apd Space Adminisiration

Washington, D.C,
Sepleimber 1955

~RECEDING PAGE BLANK NOT FILMED



n 1972, o collection of mathematical problems relared o space science entitfed

Space Mathemuarics, A Resowrce for Teachers was published by the Educational

Progroms Division of the Batoenal Aeronawiics and Space Administration
INASAL Asanmearly wser of thar publication, | cin say that i has been both a
pleasure and o challenge for me oo underiake the revision of that solume of en-
rchment matenals, especially in the light of another twelve years of activity in
spoce exploration, Thizinterval bas been a pericd of much progress in both the
seience and thy technology associated with the spice program. and it has offered a
wozalth of new materinl inwhich o Gnd applications ot high school mathematics.

The basic forman of the origimal publication has been retained, as well a5 many of
the classical problems and those which complemented the new material. In devel-
oping the examples and problems presented here, we have aimed at preserving the
authenticity and significance of the original setung while keeping the level of math-
emuttics within the secondary school curniculum. The problems have been grouped
inte chopters pecording to the predominent mathematical topic, Within each chap-
fer we have attempled, as far as possible, to group problems involving similar
themes. There is o wide range of saphistication required to solve the varioos proh-
lems, Since thisis a resource book for teachers, we have assumed that the reader
wiilll be imterested not only in probiems that can be broughe directly into the class-
rosomm, bt also am those that, although bevond the current level of their students,
will incresse the reacher’s own awareness of some of the interesting apphications of
mathematics in the space progrim,

Perhaps the most valuable potential of a collection such as this fies in s abiliny to
convey a sense.of how secondary school mothemartics is actually used by practicing
scientists and engineers. Attitudes and npproaches may thereby be fostered. on
the part of teachers, that can help studenis to be more insightful users of the
mathematics they learn. The presenl school mathemiitics curriculum, for example.
gives nao Bint that many rescbwaorld problems da not Bave analyoie solutions in
closed form but may nevertheless be satistactornly “solved" by using caretully cho-
seq approximations or the numerical methods made possible by modern computers

In this connection, we stress that i order oo wse numerical analysis corréctlv or o
matke pood approximations, o s aecessary o0 know something of the theoretical
Background of the subject and 1o understand the concepts of precision and accu-
pacy amd the use of sipnificant digits, Adso, me thisds Uhat reveal meamingful aspects
of a procedure are preferable woparely slzonthmic prescripiions: the perlaps un-
Fmilie “Tactor unit™” method of unit conversion presentéd in Chapter 2 s acowally
guite comman !y wsed in scicace and coginecring: [t notonly removes all uncer-
tarnly about whether vo multipty or divide by g conversion Gactor bug slso s far
more ikely 1o condribute o an understanding of the underdving concepis than, for
exumple . the more wsual metric system algorithm expressed in terms of moving™
the: dectmal pomt,
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eachers of mathematics, like most adults in today's waorld, can hardly fanl 1o be

aware of the rapid development of space science. We reahize that the spee-

tacular achievements of the spuce program have depended heavily on muthe-
matics—mathematics that i< generally complex, sdvanced, and well bevond the
level of most secondary school curriculs. Even though this perception is valid,
there are many significant dspects of space science that can be understond using
only high school mathematics.

The exploration of space naturally uses the tools and techniques of astronomy
Astronomy in turn i gaining much new informution as a result of sending 4ci-
entific probes and satellites beyond Earth’s atmosphere. Because astronomy has
stimulated the growth of many of the concepts and methods of mathemarics, the
high school teacher will find here muach that s familiar. However, in some in-
stances the way mathematics is wsed 1o solve real-life problems is ruther different
from methods emphasized in schoeol courses,

In this opening chapter, we shall examine several recent achievements of the
MNational Aeronautics and Space Administration and identily mathematical ideas
nnd guestions that may be of interest 1o high school teachers and students. When
appropriate, we will refer 10 a problem illustrating some aspect of the =ubject
and worked elsewhere in the book

The Space Shuttle

The Space Shuttbe (Fig. 1.1} 1s a true acrospace vehicle—in tnkes off like a rocket.
operates in orbit as & spacecraft, and lands like an airplane. To do this takes a
complex configuration of three main elements: the Orbiter, o defa-winged
spacecraft-arrcraft, abouwt the length of a twin-jet commercial airliner but much
bulkicr: a dirigible-like external tank ., the only expendable element, secured to the
Orhiter’s belly and contaning two million liters of propellan {Chapter 4, Prob-
lem 5 & pair of reusable sold rocket boosters, cach longer and thicker than u
cailway tank car and attached 1o the ades of the external 1ank.

Each Space Shuttle is meant 1o b just one element in a total transporiation
svatem linkmg Earth with space. In addition 10 providing for continued scientific
investigations by transporting such systems as the Spacelab and the La P Spoce
Telescope, recently renemed the Edwin P, Hubble Space Telescope, into arbit
(Chapter 3, Problem 41, the Space Shuttles are also expected 1o carry the build-
ing blocks for lerge solar-power space stations or huge antenna-bearing structures
for improved communication systems (Chapter 4. Problems % and 10). Structures
that would be too fragile to stand up under their own weight on Earth will be
folded up in the Shuttle’s cargo bay and assume their final shapes in the micro-
gravity environment of space, The Shuttle will also be capable of carrying a work
force of seven people aod returning them home after the completion of thelr work



Slathematical Aspects of Seme Recent NaAkA Misions

One of the most basic mathematical problems rarsed by the lunehing and control-
ling of & Shuttle or any other spacecralt is that of deseribing its motion. This
problem reguires the ahility to specify the positien of the spacecralt’'s center irf
mass and its attitude [onentution ) and to describe changes in both during flight
The specification of position and attitude can be accomiplished by setting up suil-
able eoordinate systems | Chapter 7, Problem 10). Instruments to determine o
spacecraft’s artitude are most effectively referenced to a spacecrafi-based coordi-
nate system, whereas ground control 15 best seccomplished in terms of an Earth-
hased svstem, This dunl-based cystem necessitates transformations belween
coordinate systems [Chapter 7, Problem 1, and Chapter ¥, Problem 2]

Describing a change of position and attitude requires an understanding of the
measurement of time (Chapter 2, Problem 11} 1018 inferesting to note here thit
our definition of o day on our rotating Earth must be redefined for 4 Space Shuttle
Orbiter crew. For them the Sun mighe rise again and ngam every hour and o half!

The Planetary Probes

The taunch of the two Vovager spacecraft i the summer of 1977 climaxed a seres
of fruitful missions of planctary cxploration including the Marieer. Viking, and
Piamerr series of probes to Mercury, Venas, Mars, Jupiter, and Saturn, All these
missians seni back new informuation ahout the structure and composition of these
planets amd their associated moons. We focus in this book on some of the results
of Vovager ! and Vovager 2. These probes, which benefited from more highly
developed instrumentation and computer capability than their predecessors,
approached closer to Jupiter {Chapter 7. Problem 11} and Saturn than previous
flights did. Stunning pictures resulted. showing the unanticipated presence of
active voleanoes om Jupiter’s moon Io (Chapter 10, Problem 6) and the fine
structure of Saturn's rings.

Amang the mathematical problems that arose in these missions were the
follinwing.

I. Transmitting spucecralt observations hack to Earth (Chapter 5, Problems 2
and 3, and Chapter 8, Problem 15

2. Determining the time of iransmission of spacecralt observations (Chapter 3,
Problem 51

3. Calculating the rotation period for plancts such as Satuen, which is not solid

and has no outstanding observable features like Jupiter's Great Red Spot {Chupter
2, Problem 3],

11



Chapter Cine

Natellites

MNASA began its formal existence in 1958 and by the end of 1979 had successfully
launched more than 300 large and small satellites with missions as diverse as
observing Earth™s weather (Synchronous Metearofogical Setellite |SMS] series) and
resources ( Landrat series), providing communication links for television signals
(Appiivations Technology Saellite [ ATS] series), and measuring solar radiation oot-
side Earth’s atmosphere [ Orbiting Solar Chservatory [O80)] series),

The design of these satellites and their experiments and the analyvsis of the data
gathered involve a variety of mathematical guestions. We shall consider some of
the following cxamples.

I. The connection between the conic seetions and the law of gravitation
(Sco-Appendix).

2. For elliptic orbits, the connectian between the orbit paramerers and the period
of revolution (Chapter Y, Problem 11 and the determination of the exact posi-
tion of a satellite in its orbit at a specified time (Chapter 9. Problems 19 and 200

3. The geomelry necessary to corréct for distortions arising when flat piclures
are made of a curved Earth (Chapter 7, Problems 7 and 9, and Chapter 10,
Problem 2,

d, The need for logarithms o uniderstand how radiznion is absorbed by Earth's
atmosphere (Chapter 6, Problem 3,

8. The mathematical analyvsis of the reflective properties of the conic sections
necded 1o design an X-ray telescope (Chapter Y, Problem= 21 and 22)

6. The judicious use of approximacion (Chapter 3, Problem ; Chapter 4.
Problems & and 8; Chapter 7. Problem 6; Chapter 4. Problem 22
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PROBLEM 1.

Solution:

pace science 18 based on a mathe matical description of the universe. This

muthematical description wim turn based on defimng physical quantities

clearly and precssely <o that all observers can agree on any measurement of
these quantities. Every measurement has two purts! a nomber and g ynit, In
mathematics, we tend to foces on the numbers and assume that the units are iaken
ciare af; but in seientific work, anits recemwve careful aitention through a proce-
dure known as dimensional analvsis, which i ilustrated in the first problem

Among the phyvsical guantities used 1o deseribe the universe . some are considered
funitamentil quantities whereas others are derved gquantities, comparable o the
designation of delinitions and undefined terms it o mathematical system. Although
it does not really matter which particular guantities are the ones designated as
fondamental, the mostcommon are length, mass, and tinke, In scientific work the
twir major systiems of units For these quantifics are the mks imeter-kilogram-
second b and the cgs (centimeter-gram-second ). Every measuremen| 15.a compan-
sot with the standirds that are universally accepted as definsions of these funda-
mental units: In astronomy and space science, where large distances are common
the meter and even the kilometer are too small to be convenient] in Problems 5,
9. and Hof this chapter, we show how more suitahle units for length are defined

Dimensional analysis (manipulation of units aceording 1o the rules of algebra) o
the procedure dsed o ensure consistency in the definition and use of units. Far
example. sinee foree 15, by definition, the product of mass and acceleration, mea-
sured respectively in kg and m/<" in the mkssystem, the unit of foree in this
system must be equivalent 1o kg - m/s". & new term, the sendon, was ereated fo
deseribe the unit of force: | newion = | kp - m/s".

MNewton's law of gravitation, one of the most impoertant ideas in SPHCE sCience, stales
that the force of gravitational siirpetion beiween two bodies of masses M, and M,
is proportional to the product of the two masses and inversely proportional to the
square of the distance R scparating the two masses. If G 55 the constan of pro-

poertionality. called the wniversal gravitasional constand, this law can be stated in
; o M ) .
symbuols as # = ——=— What must be the unit for €7 in the mks system?

R.
Using dimensional analysis. we equate the known units in accordunce with the
refationship iabovie without worrying sbout the numbers, then solve algebruizally
to et the unknows unit, This gives
fewton = (umt for G (kgilka){m)
or [unit fof £F) = (newton){m) (kg)
= (kg meec ) (mi(kg)*

=1m kg tsec



Computation and Measurement

PROBLEM 1.

Selution;

PFROBLEM 3,

St

W know that in a cirele of radius r, if an are of length 5 sublends an angle 8 and dis
messured in radians, then s = rfl, Show that the radizn is essentially dimension-
less {i.¢,, an angle of =/4 radians i just the real number =/ 4}

Ginee ¢ and 5 are both leneths, in the mks system they will hath e measured in
x5 Imi % 4
meters: From s = riwe have # = & = i Simce the units cancel, Os

dimensionless,

Seientific thearies and technological development both reguire accurate mea-
surements. Since every measurcment §s an approximation, an impartant aspect of
scientific and technical work is the analysis of experimental error and the control
of the propagation of error when compulations are made using measured guan-
tities. The use of computers o solve complex problems by nume rical methods
has made error analysis even more impartant because cCompuiers approximate real
numbers using finite decimals. Moreover, COMPULCrs represent num bers inter-
nally using a floating point binary representation. Even though it is met really
necesgary to understand the binary numeration sysiem 1o work with computers,
such knowledge is essential 10 the analysis and control of ¢rror propagation m
computational work. The next problem considers the floating peint lanary repre-
sentation of our famliar numbers,

The binary (i.¢., base twa) representation of § number uses only two digits, Oand 1.
Wheress in base ten the actual value of a digit is the product of its nominal value
and the appropriate power of 1) according to the position of the digit with respect
to thie decimal point, in base two the value of & digat s the product of s A

inal value and the appropriste power of 1. 5o, for example, the binary number
L0011 has the value that we represent i base tenas |« 27 + 1) = DR+

[ 2 & 1% 2% a6+ 2+ 1= 19 the binary numtser [L.ULY 15 the same a% the
decimul pumber 1 = X « 0= +0=2""+ 1 %2 SR R e Kl e B | R
[,125 = 2375,

a. Determine the binary representations of the decimal numbers 525, b. 25, and
0.0625.

25 can be writien a8 the som

S12# 64+ 32416+ 1 =2+ + 4+ B+ T,

20625, = L0010 ..

6,25 can boowritten a5 the sum

ik |
L}
"

soh 25 = L0l

625 1 _

IR = mmr=n = =
0. 062 [RRLLY | h '

sy (1,625, = (LT, -



Chapter Twao

b. Show that it is impossible (o represent the decimal fraction 0.2 exactly in a finite
WITIE LAY i.'l.ll-l_lt_"

Solutiv: 112 = 2710 = /5, To express this in binary notation, we must write 1/5 a5 3 sum of
unit fracticns, each having some power of 2 as denominator. Since 1/27 is the
largest such fraction smaller than 1/5, we begin by {inding the difference:

1_g=5 3

Now the lurgest unit fraction less than 3/(5 - 2') with o power of 2 as denominator
is 1/2, s0 we next find the difference:
AN T s T |

—mab =2

~ o S Tk

wn
1

This means that 175 = 1/2° + 1/2* 4 (1/2){1/5}). Since the fraction 1/5 has re-
curred, multiplied by 1/, we see that the first four digits we have found to the
right of the binary “decimal point,” 0001, will repeas continucusly, In ather
words, 0.2, = 0.0001,,,. (A guicker but less intuitive approach to finding this
representation is to express 1/5 as the binary fraction 1/ 101 and then divide 101
imo 1, using binary anthmeric.)

The reader can use the method of part (b} to show that the decimal fractions (0. |
0.3, U4, L6, 0.7, (0B, (1.9 also have infinitely repeating binary representations.

€. Almost all computers use a floating point binary representation for numbers.
In this system, every number is expressed in the form 0.dd; .. d, % 2" where
di= 1, d, =0orlfori=2 3% . n.and iz an integer. For example, the
floating point representations of the numbers in part {a} would be

623 = (), 100 1 100K, = 30
6.25 = 011001 = ¥
D625 =101 = 2°

Different computers have differmg capabilities both with respect to the length (n)
of the string of I's and 1's that can be stored for uny single number and with
respect 1o the exponent i that can be stored. The limits avallable for n and m
determine the lergest and smullest number 3 computer can re present and also

the size of 1he errors that must result when o number with an infinitely repeating
representation must be stored with anly a finite string length available,

It a certain computer can store only an cight-digit string (# = &}, then the repre-

sentution for the decimal fraction 0.2 will be stared as 011000100 = 27 What
nember 18 this, and what is 1he difference between this number and {29

IH



Coampatation and Measureémend

: e R e e e
u p gt N S e T 5 ; =
Solution: 0.1001K00 % 277 = (2 4 3+ 25 + 2] [4]
- I rPpas —I— + —]—
g I6 128 256
__Tl,_1-'|ﬁ—"'+'|_i
- 256 256
Lot = .:i—_ = 1 - =1
b6 5 258

W now state twis definitions used inmerror analvsis. These defimibions can be
applied to both measurement errors and the errors that arise bechuse of the way in
which numbers are represented ineomputers. It is probably worth aoting in thes
context that the term memsuremen ervir as used here does not imply that the
mensurement has been carelessly made but rather refers o the fact that every
measuring instrument is lmited in sceuracy and can never provide more than an
estimate of atrue value,

Let Xy be the true value of a speaihied quantity, and lel X be the value of this
quantity as measured or as represented in the computer, Then.

absolute errorin X = | Xy — X

R
relative error in X = ! I.I‘.—l
| X

Oihserve that absolute error has the sante units as the quantity under consideri-
tion, wherens relative error {usually reported asa percent p is dimensionless.

The relative error is considered to be the indicator of how good a measuremen?
or any other spproximation is. For example, a measurement of 2.5 mm with a

J A2
3.5

whereas a measurement of 1250 km, with o (much larger] possible absolute error

i
pnﬁ:hhh: absolute error of 0,05 mm has a relabive erree of Lard percomi,

; 2 1
of 5 km has o much smaller relative erroral 355, of 4 percent, Awareness of

the appropriate tolerance for relative erroe s a vital ingredient of scientific work.



Chapter Two

PROBLEM 4. What ore the absolute and relative errors if a computer that has an cight-hit binary
digit string represents 0.2 as 0 11001100 < 377

Solution: From Problem 3¢, the absolute error iz 1/ 1280, ar abows 0.0008, The relative
erfor = [LOOOR/L2 = 0,004, or ()4 percent,

The use of significant figures s helpful in error analysis. The number of sigmifi-
cant figures is defined as the number of digits that can be assumed to be correct.
starting at the left with the first nonzera digit, and proceeding 1o the right. By
this definition, 1062, (L0571 3, and 4,600 afl have four significant figures. A num-
ber such as 430 is ambiguous. This ambiguity may be resolved by wsing seientitic
notation, since we may wrile the number as 4.3 = 1F, 4,30 = 1P, or 4.300 = 109
accarding to whether the number has two, three, or {our sienificant

fipures, respectively

When wpproximite numbers are added or subtracted, it can be shown that the
absolute érror in the sum or difference could be as ia;ﬂu as the sum of the abso-
lute ertars of the individual numbers. When approximate numbers are multiplied
or divided, it can be shown that the relative error of the result could be as large
as the suim of the refative errors of the imdividual numbers. This means that for
sums and differences of approximate numbers; the number of decimal places
considered significan! can never be greater than the number of decimal places in
the feast precise addend. For products and quatients, the number of significam
figures can never he more than the smallest number of significant figures in the
individual factors. Wherever appropriste. numerical results will be given in
accondance with these gudidelings,

PROBLEM 5. Earth's orhit wsound the Sun s elliptical, but in many cases it is sufficrently accurate
to approximate the arbic with i circle of radius equal (0 the mean Earth-Sun dis-
tance of 1.49598 = 1F km. This distance is called the Astrenamical Ui (AL,
Listed in the chart that follows are actual Earth-%un distances, given to five sig-
mficant dipgits, on the first day of cach month of a representative year. { The Ameri-
car Ephiemers lists daily distances and the actual times for these distances to
seven significant digits. )

Dt = grgaee (= 10° km)
I Jamuary T.A4710
I February 14741
I March 1.4823
I April 1,494
I My 1.5473
1 lune 1.5164
I July 1.5208
| August 1.5183
| Beptember I Swy
I October 1.4977
| Movember [ 4E4R
| December I.4751

a, To how many significant digits is it reasonable to approximate the Earth-Sun
distunee as though the orbit were circular?

20
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Solution:

Solution:

PROBLEM 6.

Solution:

Tor twar significant digits, each of the distances in the 1able can be given as
1.5 = 10" km.

b. What are the lirgest possible ahsolute and relative ¢rrors in using the Asiro-
nomicil Unit as the Eanh-San distance in a computation instead of one of the
distances from the tabie?
(1. 405U — | AT10 = 11F = 0,024 = 10 Em {smallest table value)
{1.40598 — 1. 5208) = 10F = —(L0248 = 10 km {largest table value)

absolute ervor = 00245 = 10° km

0245
—— | PR
| 49595 (L0166, or 1.7 percent.

relative error =

The procedure of dimensional analysis, described earlier, is casily adapted and
commonly used in science and technology for the task of unit conversion, Recall
that in dimensional analvais the umits are manipulated in accordance with the
rules of algebra.

Suppose we wish to change a length of 623 cm te meters. The adaptation of dimen-
sional analvais for unit coversion involves multiplication by a factar umit chosen
according to the following simple principles: the factor unit is a fraction with a
value of 1. whose numerator is expressed i terms of the unit we wish to hive and
whose denominator is expressed in terms of the unit we wish 1o change. Since

0N em = 1 m. fn order to change 623 ¢m 10 m, we perform the multiplication
623 £m I m - )
T “eanceling” the cm i numerator and denominator o get
cm

X3 100 m, or 6. 23 m.

More complex conversions can be done using multiplication by several factor
uiits and those readers wishing to convert between British and metnie units can
als use this method, For example, the speed of light. 3.00 % 107 km/sec. can be
found in miles per hour:

340 = 1 km Imile  ellsec . Bmin "
. g e e s = .71 % 10" miles !
1 S r .61 km . | min : | howur ] e Sk

The deep space probe Pionéer [0 ok 21 months 10 get from Mars 1o Jupiter, o
distance of Y98 million kilometers, Use the factor wmit technigue (o fimid is aver-
age speed in kilomerers per hour during that penod

average speed = distamoe

WIS time

_ s = W km 12 months Ly
21 manths 365 days 24 hours

6.5 % 100 km) b or about 65 000 km/h
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PROBLEM 7.

Solution:

Snlution:

PROBLEM B,

Sl iomn;

#. Recall that the Astronomical Unit { Earth-Sun distance) discussed in Problem 3 is

1496 « 10" km, to four significant figures. Find the Earth-Sun distance in miles
to three sigmlicant figures

I ALL= 1496 % 10Fkm

1496 % 1P km 1 mile
L 161 km

= 9.29 = 107 miles Calmost 93 million miles)
b. The chart that follows gives the mean distance in kilometers of each planet in

the solar system from the Sun. Express these distances in AL using a suitable
number of significant digits.

Plitrief fhsiance [him = 107)
Mercury 1,574
Yenos 1,003
Mars 2727
Jupner T.78
Saruar i4.3
Tiranus T
Neptune 45100
Pluto 5401

Since each distance in the table has three significant digits. and the factor unit

| AU . R .
149398 = 11" km has an exact number in the numerator and six significant digits

in the denominator, the distances m AL can be given 1o three significant digits
Mulriplying by the factor unit shown gives the following distances in AL

Mercury ih 347
Venus [ el
hinrs 1.52
Jupiter 3.20
Saturn Y56
Llritns %2
MNeplune il
Fhatn 395

The Sedar Mot MWission (5MM) satellite orbits Earth at height of 300 km,
many cemputations. the Earth-Sun distance of 1.5 = 107 km is used 10 approxi-
mate the distance of SMM from the Sun. What is the maximum relative error of
thiz approximation’”

The distance of MM from the Sun s eontained within ihe range { Earth-Sun
distnnce = (Earth diameter = 360 km )}, or (Earth-Sun distance = 693 krn |
From Problem 5.1 1.5 = 10F km i% used as the Earth-Sun distance, the absolute
error =248 = 10° km. 6930 km 1= much smaller than this error. so that the ghsa-
lute and refative errors ineurred inwsing 1.5 = 10° ke as:the SMM-Sun distance
are the same as those of part (b) of Problem 5. I greater accuracy s required. it

In
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PFROBLEM 9.

Selution:

will be necessary to wse daily Ephemeris values such ds those in the listing given in
Problem 7. 1n this event, it is stdl true that since 6230 km < 7 % 14" km, the
relative error in approximating the SM3-Sun distance with the Earth-5un

. 7 = 5
distance = ———— = L.67 ® 1077 or about 0,005 percent.

L.5x I

The Astromomical Unit { ALY, although useful for measuring distances within the
solar svstem, is (oo small v be convenient for distences to stars, We shall therefore
consider two other units of length used by astronomers. The first is called
the lpf-year,

The light-year is the distance traveled by light duning one Earth year. To three sig-
nificant digits, the speed of light is 3.00 < 107 km/s. Find the length of the Light-
year i km and in-ALL

| Earth year = 365.25 days = 365.25 « 24 = 60 = il seconds, In one year, light
travels 3.00 = 10° = 365,28 = 24 = 60 = 60 km = 047 = 10" km. To express this

y 1 AL
ance | ight-vear = 9,47 = 10" e = 3] 2 T AL
distance in AL 1 light-year = 9,47 = 10" km = 50 % I b Bl =1 L

The parsec is the astronomical unit of distance that relates to observational mea-
surements. In order to define this unit, we must consider the fact that when we
ohserve the heavens, we have no direct perception of depth or distance. A useful
madel developed to portray the heavens is the celestial sphere. In this moded,
Earth is surrounded by an imaginary sphere with infinite radius, A coordinate
system, similar 1o latitude and longitude, is imposed on the celestial sphere by
projecting Earth's rotation axis on the sphere to idently the celesiial north pole
{CNP) and celestial south pole (CSP) as shown in Fig, 2.1, Singe the radios of the
celestial sphere is infinite, all parallel lines poiat to the same spot on the sphere.
and so every line patillel to Earth’s rotation axis also points to the celestial north
and south poles

The extension of Earth's equatorial plane intersests the celestial sphere ina
great circle ealled the celestial equator. Now a system of small circles of declin-
aticn [8), comparable to latitude circles on Earth, is imagined on the celeshal
sphere. and a system of great circles called right ascertsnon () circles. comparable
to longitude, passing through the two poles, completes the coordimate system
(Fig. 2.2},

Lolcitial pordi pole

4= iy
Fig- L. B P Fig. 1.2
: e e i
5, i - o
S (EN h\
3 T oM
) | " NY#=qar
,l =L
o < "II 1 | =
A / '
e Catalal el Ty ) e
- =X
- _-'- NE— T I
= I e
CsE Celestial couatne: & =1

Yemal g
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PROBLEM 10,

Soluflomn:

Everystar or celestial object can now have its position identified by the ordered
pair (e, &). Because Earth rotates with respect 1o the celestial sphere, the time of
orhservation must alsa be known in order to use the coordinate system. Ditferences
in the positions of two ohjects on the celestial sphere are expressed in terms of

the angle subtended at Earth by the arc joining these points.

A Earth revolves around the Sun. very distant stars show no diseermible changes
in position, but closer stars will show apparent mation with respect 10 the celes-
tial sphere when viewed from ditferent paints in Earth’s orbit. as shown in Fig. 2.3,
This- apparent maotion is called parallacic motion. and the change in position 1%
walled the paraifar angle. In this context, | parsée s defined as the distance ai
which the radius of Earth™s orbit<ohiends an angle measuring | arc-second

[sec Fig, 2.4

= - L m | 5
|.: | \
S it \

i T
| Tung | rai 1:: b
] i —
Bepe et Cbai | ! EIJE! o -d---T‘J‘ pr 8

| I|i 'é""": I,I
|. iR . JI Fig- 2.4
|- BT 1

e el J. el AT

(R L Tl (e LR L n gl

Fig. 2.3

a. Find the length to theee significant digits of 1 parsecin terms of AL Em,
and light-vears.

I # s in radians, we have arce length = eé, where r s the distance expressed in the
same units asthe arc length. In this case are length = radius of Earth's
orbit =1 ALL

| degree il
degree  woradians

I
A= 1s%econd = —— degree =
SECON y FEgIee LT T 180 degrees

ARl

Since we want three sigmificany digits in our answer, let us use = = 3,142 in
this computation:

= 3.142 5 &
= a0 % T rad = 4,85 % |0

i We hove omitfed rad. <ince the radian = [E'._|||:,- dimensionless, ( Problem 2,
thi= Chapterl)
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Solution:

Then
o elength  _ LAU

= 2.06 % 10FAL
" FoR5 w0

¥

Interms of km, r = 2,06 % 10F = 180 = 1P km = 3.09 = 10" km. Since 1 light

. I light-vear :
= §.31 = 10" AL st = 106 = 10 - — - = 1,25 .
weur = 65,31 ALL T pames 10F AL 31 = 10 AL light

VTS,

b, In general, if p isthe parallax of a star snd d it= distance from Earth. then
1

gl seomids of arc)

ie 1l 7% serands, amd the pilrull.:n Ol Sierus, ame of the |::-ri|_-gl'l-r||."hl alars in the northe-

ern sky. is 138 seconds, Find the distances 1o these stars in parsecs and in km,

d (in parsecs) = . The parallax of our nearest star, o Centbiur,
Fora Centaur,

=4 P e
d= 5y parsecs = 1.3 parsecs

1.3 & 308 % 10 km

4.1 = 107 km.

For Sirms,

— arsecs = 2.b parsecs
0,35 P

2.6 = 308 = 10" km

8.1 = 10" km,

The accurite measurement of time has been one of the most challenging prob-
Jemsin human history, We now tend (o take for granted the civil time-keeping
system in general use. This svstem has evolved over many centurics and from

timie 1o time hias been substantially revised, The onginal definitions of day, month,
and year depended, respectively, on observations of the penodic motions of the
Earth, Moon. and Sun with respect 1o the celestial background as observed from
Earth. Since all these motions have (luctuations in thair perieds, it is not possible
(o define o completely regular unit on which to base an Aocurate tme measurement
im terms of the day, month, or Year,

The first time-keeping instrument that did not depend on celestial observation
was the pendulum clock. 1t did, however, depend on the Earth's gravity, which
varies with geographic location and the positioens of the Sun and Moon. The

second, originally defined as = of & dav, more recently has been

24 % Al = Al
redefined i terms of the microwave emissions of certaim aloms (g, guarls
crystals). This mew definition provides a uniform standard with which @0 measure
intervals of time.
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n

PROBLEM 11.

Selution:

Suolution:

Sodutbon:

a. (e of the serious problems of the ofd ponupiform time wnics was the accume-
batjom of erpor. b might seem that an securacy of 1 second a day (o possible rely-
B S
2d = hll = Bl
mical or sewentific LT PHRES. Ehow that an etror of 1 second 2 |;|1'|5,-' ol resall i
anerrorof 11 = 10F EKm in the position of the Earth inoas ocbit after only | year.
{Assume Earth's orbit is circular with a radios of 1.5 = 107 km,)

v errar af corabout 1= 10" swould ke sufficlent Tor most tech-

I one year the crror could be 363 secomds. Earth moves through an angle of
Fov X

365 x 24 x o0 x B0 T4 % 60 = B

ontds. The length of urc that subtends this angle in & circle of radius 1.5 = 10°F kmis

In
F==155" P e0——m———— = 1,1 & 10 km
3 S I = 6l = 6l

radinons in ene second, or radiins in 363 sec-

b, The ropical vedar 1 defined a2 the time difference bepween successive vérnil
cquinoxes—in other words, the time it takes Earih to complete one revolution
around the Sun. Thistime doesnor huve a simple relationship to Earth’s rotation
period (the day), Infact, it turns out that 1o the nearest second one tropical vear is
365 days, 5 hours. 48 minutes; 46 seconds, Show that the current svstem of

adding an extes day (o each cabendar vear that 15 o multiple of 4 but not 3 multiple
of DK {leap vedrs) serves o give each colendar vear an integrel number of days
and also keeps the seasons constant with respect to the colendar.

I calendar veor has 365 days, The excess time s tropesl veorss 5 h 48 m 365, not
guite F4day. Mulupiving thisesgess by 4, 4 % [(Shddmdbs) =5 h 15md s
almost | day. ITwe add 1 extra dav epch 4 vears, we will ereate a deficin of
b=k 1Fmd ) = dd m 5 e [oreach J-i.'.url wviear. Ineach [HH) WOUTH, there are
25 vears that are multiples of 4; however, after 24 leap vears, the deficnt will accu-
mulate to 24 = (ddm S6s) = 17 h 538 m 24 5. almost 304 day. This will almost
balance the excess accumulntion for the remaining 4 vears of the century, so thai
years that are multiples of T should not be leap vears. It s clear that further
jugieling will be necessary, since things never halinee exactly

. Forsome computations in astronomy and space science, i1 15 necessiry 1o have
an abselute time that is a contineows count of the number of time units from

some arbitrary reference. The universully sccepted standaed s the Julian Dy Cal-
endar, a contimuous count of the number of days since 1240 noon on 1 January
4713 B.C. This curtous starting date was actually chosen in A.Tr. 1532 by consid-
ering the cycle that is the least common multiple of the Z8=year solar cycle (the
interval required for all dates to recur on the same day of the week). the 19-year
lunmar cycle (the mierval containing an integral number of lunar months), and the
13=year indiction (the tax penod introduced by the Roman emperor Constantine
in-ACD, 33 The year 4713 B.C, was the most recent dale poor (o 15582 when
these oyeles coincded, and it had the added advantage of predming the ecclesiasnh-
cably approved dute of Creation, 4 Ociober 2004 B.C. How long 15 the Julan day
gvcle, and when s the next vear when all thrée of the cyeles used in s coeation
will coincide?

The least common multiple of 28, 1% and 13 15 their prochect, since these oumbers
have no prime factors in commaon. 28 = 1% % 15 = 7980, so the next year the
eviles corncide will be (=4713] + T8, or A T3 3267,
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Solution:

d. A clever computer algorithm for converting calendur dates to Julian days wis
developed using FORTRAN mteger anthmetic (H, F. Fliegel and T. C_ Van
Flandern, ' A Machine Algorithm for Processing Calendar Dates,” Communica-
fower af the ACM 11 [19065]: 6375, In FORTRAN integer arithmetic, multiplica-
tion and division sre performed left to right in the order of occurrence, and the
absolute value of each result is truncated o the next lower integer value aller
each operation. so that both 2712 and —2/12 become O, If 4% the year, f the nu-
meric order value of the month, and K the day of the month, then the

algorithm is

M3 = K — 32075 + 1461 = (1 + 4800 + (J-14)/12)/4
+ 367 2 (=214 12212012 — 3o ({F + 4900 4 (J—-14)/12)/100)/4.
The calendar date 25 December 1981 15 JD 2 444 964, Use a hand calculator and
this algorithm to find the Julian dates of the launch of Explorer I (the first U.S.
satellite placed into orbit), Greenwich Mean Time 1 February 1958 { Esstern
Standard Time January 31, 1958}, and the launch of the seventh Space Shuttle on
IR June 1983 (carrying the first American female astronaut, Sally Ride, into arbit).
For 1 February 1958,0 = 1958, J =21 K = 1;
JD = | = 32075 + 1461=( 1958+ 4800+ (2-14)/12)/4
£ O3ETH2=2—[2— 140/ 122120/ 12 — 3e( (1958 + 4900+ (2= 14)/12)/ 100)/4
= | = 32075 + 1461+6757/4 + 367+(1+12)/12 - I=(6B57/100)/4
= § = 33075 + 2 467 924 & 167 — 51 = 2 4356236
For 18 June 1983, [ = 1983, ) =6, K = 15,

D

18 — 32075 + 1461 1B+ 4800+ {6—14)/12)/4
£ T (h=2—(6—14)/12=12)/12 — Fo[ {1963+ 24900+ (6—14)/12)/ 10074

18 — 32075 + [461=6TE3 4 + 367412 — 3=64/4

[R = F275 + 24774090 + 132 = 3] =2 4435 54,

A Jarge number of satellites require ground processing of spacecraft sensor data
to determing the spacecraft attitude {i.e.. the spacecrafl’s orientation}. Examples
of sensors uysed are Sun sensors, Earth sensors, and star sensors. These sensors
provide information, usually a measured angle, conceening the spacecraft poinging
relutive toa oclestial body (e g.. Sun, Earth, or tar).

Telemetry signaks from these sensors are converted on the spacecratt 1o digital
counts and transmitted to ground stations. The digital count representation of &
sensaf output can be easily converted to meaningful messurements and units on
the ground. However, telometry signals are frequently subject to random inter-
ference, or “nowse.” To understand the meaning of niise, one has only 1o tune
into & weak channel on a television set; the “snow™ that is seen is a visual repre-

27
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PROBLEM 12,

Solutiom:

e

1T pakE

sentution of noise present in an electronic signal, Nodse consists of random sig-
nals superimposed om valid electronic signals from any electromc device. An
in=depth understanding of the cavse, effect, and reduction of norse 15 nolL neces-
aary n the comext of this probiem. However, i1 should be understond that nose
cansulliciently corrupt any electronic signal 1o the extent that moking use of,
and properly interpreting, the true signal can be difficult.

Thas prablem apphes (o spaceceall instroments and sensors, A number of methods
have been developed to smaooth data and remove the effects of noise. In the next
problem. we cxamine onc such method, called the running average,

Criven an ordered set of numbers. X ) = 1, 2. ... M, a smoothed set of numbers can
be found by averaging each number with the o preceding and the # following
numbers, Symbolically,

e By,

B o R
where wis typically a small whole number (i = 5)

For example, for the data in Table 2.1, if 0 = 2, then

:"{':=E|:':_\_xn+x:"’xq."xuj

'::.“’ b 14 + 1K+ 19+ [h) = 156

a. Compute the smoothed values of the data in Table 2.1 forn = | and s = 2,

Wi present a computer program in BASEC, along with the run for this task,

Talbile 2.1

Spaceorall Sensor Dhda

Sample Unsmoothed  Sample Unsmoothed
Mo [j) Walue (X} Mok ) Malue (X))

| 2 11 2
i 7 12 20
i i 13 F]
i i 14 £
3 11 15 i
i 14 4] |
T 14 17 i7
B 14 .3 i
9 16 14 &
i 17 M) I
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b. 1 the data points are plotted and joined by line segments, we geta
iﬂ:mm.ﬂratmg data Nuctuations. Nn'rmu.‘ll_].r, what is of interest s the uud:ﬂymg

“smooth curve (hence the term smoorhing) for this process. Compare the graphs of
the unsmoothed data and the smoothed data for s = 2.

Fig. 2.5 shows the plot of the unsmoothed data {sold J-.I.ne]- and the data u-mmthed
withr = 2 {broken line),

A, B -
&1

" i Pt ol wnsawnithid and smoothed (6 = 31 data from sable |
iz —:
o
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1|

madution;

o, Thig smoothing 1echnagque cannot be used bhindly, 11 15 possable to disgusse the
trie nature of the dara by-amoothing. Modify the program of part (a) to smooth
the data in Table 2 2 and compare the graphs of the ansmoothed data and the
smoothed data for some value of #. for instance, 5. How has the smoothing tech-
niggue disguised the true nature of the duta?

The following program incorporates o subroutine 1o smooth the data of Table 2.2 for
vitligsof ¥ from | through 5. The graph of the unsmoothed dats and the

smonthed values for n = 5 ore displayed in Fig, 2.6, Wesee that the original diaga
had o sinusoidal form, with the nidse sppearing as some slight departures from

the smooth curve. The smoothed doata are still sinusoidal, but the amplitude has
been drastically reduced, Itz evident, if the progrom with these data 88 run, that
cach incregse in o reduces the amplitude more than the previous .

Tnhie 2.2 _
I X ! X I X
1 20 . 5838 b 25347812 B8 1249895
Z 28,4348 a6 24 .8147 70 105644
4 28 . BEUE 37 18,7918 Ti 9, 0088
| 211585 35 14,7648 TE 9.1803
] 27 .a9332 33 10, 724 gt | 3. 1452
B 24,4331 i ] B.644B il 1d: 1750
7 212117 (i | T.0319 ) 1P+ 2637
B 18 .68923 a2 B.G0BGE 7B 21 .4681
g 12,9982 a3 118900 7o 2o 4827
10 BH.0117 a4 133886 7B 27.0808
i1 B:.1B618 a3 18,4432 78 21451
17 g.0843 a5 20.B217 o 25.6387
13 10.1741 a7 24,7881 g1 24,8373
14 15.2122 a8 2T edEl g2z 20.6476E
IS 172274 a9 £8.1035 B3 15,7383
1B 20.8153 S 27,3250 =] 12 2391
LT :E.H?EE gl 230475 23 g.2834
18 2B+ 12535 52 20,5059 BE 3.4840
18 2B 2650 53 183552 a7 g.,5730
el ZE . 0446 54 19,8868 Ag 18,2066
oK 23.3059 855 12,0182 gg 14,0083
e 18,1884 5B B.2502 210 18.7170
z3 15 722 57 2.5d464 21 22,6785
=4 1285986 =B 841321 8z 253,84E43
20 101285 L | 129204 93 28,2884
2B B.2585 51 1E:.67B2 34 21,7286
) B.E12E E1 2a+2414 95 273282
28 5.%5012 2 b =k e B 23,7517
28 15.3658 B3 28,5849 a7 18,3018
a0 18,2038 (=41 28,8287 1= 15.:3803
a1 22,4038 ES 25, BEEA0 88 12.8370
e e 25,9968 2§ 224484840 140 10,0038
a3 ZE.A748B E7 21.:33B65
a¢ 23417 EB 153584
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We end this chapier with a problem that shows how a classical mathematical model
is madified o that it can be used to determine the period of ratation of a planet.
The modification uses some of the principles of scientific accuracy discussed ear-
lier in this chapter and illustrates the wse of successive iterations to refine a com-
putation_ easily done by computer

The procedure we develop has been used to determine the rotation period of
Saturn more accurately than earlicr estimates by using observations of varations
in the planet’s radio emissions made by Vovager 7. Since this planet has neither a
solid surface nor any distinctive atmospheric features comparable to Jupiter’s
Great Red Spot, what is computed is the period of rotation of the magnetic field of
the planer. Because of the complex nature of the radio emission data, we illos:
trate the method by computing the rotation period of Jupiter rather than Saturn.

3l
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PROBLEM 13,

Saplution:

Solation:

Wi Begin wirth o quesnion that 15 essentially the same as the Brmiliar “How much
time glapses between successive alignments of the hands of the clock ! but that
sels thi stage for the actual problem we wish Lo solve.

i Jupiter rotates on its axis onee every 992 bours, and its moon lo revolves arownd
Jupiter vnce every 42,5 hours: What is the lengtl of time between copseculive
passages 0F o aver o particuliac spot on Tupiter?

Let Ry and Ry, be the angolay rotaton and revolution rates for Jupiter
and o respectively,

Then &= l}ﬂ:_l’ = 3.3 degrees/ howr
Aalk
ird fi = -F?i = K47 degrees/ hour,

Im Fig: 2.7, lo moves from A to B while the point 5.0n Jupiter makes a completic
revolution and then gocs on to 5 (0 be wnder To agaim, 50 we mast find the time T
such that By — 3640 = 8T Using the values above for K, and &, we get
the following:

t

WA — 360 =84TT
AT —R47 T =340
{27.8) T = 3nl)

il

T = TR

= | 2.9 hours

LY

Tor see how this classic problem might be altered, suppose we don’t know Jupiter's
rotiation period for that se don’t Know it veey accurately . At approachesd
Jupster, the Voveger was able 10 make observations of the times at which lupiter's
Gireat Ked Spoi appeared im the center of the disc a5 viewed from Vovgger. We
want to use these observiations to determine Jupiter’s rotation period.

b, Voypeger's trigectory as it approsched Jupiter s ilustroted in Fig, 2.8, Moedify
the resulbis of part Cal o Bnd Jupdier’s period i the Bed Spot s observed 1o be in
the center at time & = 2 h 25 min = | min, when Yopgger's distance from Jupiter is
D =7.70 = 10F km, and-ugam at lime ¢ = 165 24 min = 1 min. when Vovager's
distance lrom Jupiter is [ = 472 = 10F km and Vovager has moved through an
pngle e o= 147 27 with respect 1o Jupiter's center bepween these pao observations

I Vayager's trujectory were circular and of Jupiter’s period is £, then the analvsis of

part (a) can be applied with 8, = 360/ and BT = o, We pow have {360/ P}T -

36 = g which transforms inte T = P4 0P /360, However, the trajectory is not

circular, so we must take nko account the different lengths of time it takes for

Tlighi 8o travel from Jupiter o Vovager, Since light travels an gspeed ¢ (e = 3000 =
0, — fk e

i Ty . et couaet 4y - =p _—
10 ks ) the correeted eguation s T . R+ T
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I'g, [
O Fupiesr roastion O 1 3 Jupiter statin
|

i « R

Fig. 2.7 Fipg. 2.8

For the daia provided, we noee that

By =Dy (770 = 4.47) x 1Y -
g 3.00 = 10° :

= | second.

Since the unl_'l.‘l:l.'l.im:..' ”'u.!-m.il‘ll-:.' crrory is one munute tn Both fime measuremenis,
we s That in this case there is mo point in making this correction. The cguition
!

T=PF+ 60 = .I’I:l 1 %rl may be selved for )
= T
2 e,
anlk
Substituting the data,
.rl L Ll ]
— 1623 — 323}
| 1655 — 25/ b
= |64 — 242 h, or 1398 hoors.
Py 147.2
Al Jndl
= ] .4~ w0
. 13,98
f 1.4M I
= O hours

33
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¢. The ohseevations of the randio emissions from Saturn were much more crratic,
A series ol measurements £, &, . . 0 of the times of ceriain charactenstic peak
emissions was recorded, but it was pot known how many complete rotations had

1 0y = I

'w‘;iu.ally ooeurred between each copsecutive paar {f, . 41 The correction F

Solution:

is not negligible in this cuse, and other correchions not discussed here also apply.
Under these circumstances the equation relating T, P, and o becomes impossible
tor sobve directly, However, the terative approdach lustrsted next can be ssed,
and by wpplying it io the ease of patt (b}, we can show that the same oluijon 12
obigined, We let £, = & + P, Sinee Pis lupiter’s peniod, ¢, can be conspdered a
“gorrected time” i the sense that if Vovager s revolution period acound Jupites
matched ]'upn;n:r'h rilalion puhnd, wie would e s =1, P = T, and Ty = Ia,
Substituting T = 1. = fj;and P = &, — f for the firgt term on the right in the eqou-

g ﬂP' LI"F
S L e T e b
ton T = P _iﬂl'wc geit — o = f i + 26D
! Y ; 4
Solving far £, we pet ty, = 1 — %” Since this equntion still contieins & the

quantiny we are seeking. we begin by making animitial guess (5} at 1is value: ithis
i% used together with the Known values of £ and o to find a first estimate of &,
which we may call &, MNextwe let B = o — roand tepeat the evalpation of 1, to
gek b then B =ty — &, This process is repeated until the difféerence B, — 05
less than | min = 0,02 by the possible error of our tise observation, This pro-
cedure is easily done by computer Cand in this case may even be dong using a
hangd calcularery Weite s computer program to perform this neration,

We display a program written i BASEC.

1L1ET THUN
A Toim Fim
it REW JUFITER PERIDD ITERATION R -1 W Ies
i 3in3 10,5603
20 WEM  BOUMODED 0 3 QECIMAL FLA 2 13062 oGaT
R - 1 | a 12,455 10, 038
A e 5 {'2.pas .67
1Z0-TZ4  iEad £ LTI .34
130 PIOT =TT - T G 17994 q.817
138 PRINT CR“Li HTHE Bi PRIWT T | | T34 - 228
CAmB AP SFTEW B TTERATIUNS, JUFITER'E
180 FOR & & | TD 30 PERIOD 185 FOURD TO BEE 8.829
1%0 rr.}n:r“; - T U T R

B0 FiMs = TCImMi - T
168 XL = 000 ® FIMAPEI®I & KT 4

. IO "
THE YT = fo00 = TCAMEIYORI = VE J
§ooe i 1)
Lfa ERINT Wie WIS Ba PRINT vim)
CHIRS

1890 iF AOE VPRl - FIH - LhIA
017 THEN Tud

136 MEET m

00 PRINT CAFTER *s0i* [TERATION
S+ JUPITER'E- PERIDD 15 FOUMD
TOBE =iHiH|

10, END
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1%

PROBLEM 1.

Sodution;

Saeluntion:

FROBLEM 2,

Sqrlution:

lgehra is the language of guantititive science, As such, 115 methods and tech-

nigues can be found in most of the examples in this volume. The problems

selected for this chiapler are those that do not also deaw heavaly on olher
mathematical areas. Several use the distance, time, and rate relationship. and
others use direct and inverse variation. Some approximation technigues that are
Irequently wsed v solve otherwise miractable probiems are aizo inciuded.,

Draring 1982, the planets Jupiter and Saturn were in conjunction, so that they
appeared very close 1o each other in the night sky. In the problem that follows, we
seehow freguently such an event happens

The planers Easth. Jupiter, Saturn, and Uranus revolve around the Sun approsi-
mately once every |, E2, 3, and 84 vears respectively,

i, How often will Jupiter and Saturn appear close 1 each other in the night sky
asseen from Earth?

The tme required mst be o multiple of both 12 years and 30 vears. This event will
recur at intervals of the least common multiple of 12 and 30, o 60 vears

b. How often will Jupiter, Saturn, and Uranus all appear in the same area in the
night sky as scen friom Esnh?

Maow we need the least common multiple of 12, 30, and 84, which 15 420 yvears,

In addition ro the electromagnene tadinion that we know as heat and light, 1he
Sun continuously sends out charged particles known s the solar plasma (see also
Chapter [0, Problem 1) From time w0 time, there 15 a strong burst of highly ener-
getic particles called s sofar flare from a small source in the Sun’s atmisphere

When a selur flare cocurs on the Sun, it can send oul o blast wiave that travels
through inierplanetary space at aspeed of 3 = 107 km/h

o How long would it take for such asolar fMare blast wave o get w Earth where
it could be detected by a satellite in orbic? { Recall from the preceding chapter

thut for o satellite close enough to Earth, we ¢an use the Earth-Sun distance of
1.5 = 1P km for the satellite—5un distance. )

Since distunce = speed = fime,
5w 10 ko = {3 = [P km/h) (time).

) 13 = 10F =
Thentime = —=—— 5 = 1dr
i e AR R

Or S b absoer pwao |.|:|_'_.:q.}.
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Solution:

PROBLEM 3.

Sadution;

b, Whensuch @ salar flare is detected, it i interesting to study the source. Since
the Sun is rotating, we must determine how far the source has lurned berween the
ermission and the detection of a solar fare. Because the Sun is a dense gas ruther
than a solid body, {1 does not have a uniform rotation rate: on the average the Sun
makes ane complete revolution in 25.4 days. How many degrecs would it rotate
{on the average) during the time the blast wave traveled 10 the orbiting sutellie?

! ’ g [ 4 .
Since the Sun rotaies 3& 254 days, it rotates 3% 4 s T

14.2 =/ day

the solas rotation rate

14.2° . 1 day
day 24 hour

T e
Fre 50 howes, the Sun rodates S0k = 00539 h = 2457

A screntific capsule was carried aloft by a rocket and released at the peak of the
riocket's trajectory, The rocket had an average vertical speed of 920 km an hour
from liftoff to release of the capsule. The capsule made a controlled descent with
an uverage vertical speed of 390 km an hour and landed 68 minutes after the
rocket wos launched. Find the maximum height reached by the rocket.

Let ¢ be the time of ascent in howrs, Then :—ﬁ — pis the time of descent, and smee the

distiamees ol ascent and descent are egual,

P
920 =340 | = ]

= 442 — 3M
13100 = 442
r= 034

The maximum height = distance of ascent = (%20 km/h) {th34 h] = 31 km

Itakian scientist Galileo Cralitei's miroduction of the telescope for studying the
heavens hrowght about o revelulicnary chinge in astronomy, [ §s 1-'1Fl-l."l-"lldd ihat a
comparable leap in our ability to examine the universe will take place when ihe
Huhhie Space Telescope 15 innched into orbit by the Space Shuttle in 1986
Because the space telescope will be above Eanth’s stmoesphere, it will be able to
see much fainter ohjects than can now be seen by the best Esirth-based telescopes,
As we shall see in the next probiem, this means that astronomers will soon be

able to make observations and to compare them with the cosmological theories
phont the age and formation of the universe
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FROBLEM 4.

Solutiaem:

Aolution:

mobution:

a. The Space Telescope will be able to see stars and rataxics whose brightness is
1 : i [

only =0 of the faintest objects now obaervable using ground-bascd welescopes, The

brightness of a point source such as & star varies inversely as the sguure of s

distance from the observer. How much farther into the universe will the space

telescope be able to see compared to ground-based telescopes?

Lt oy, be the distange from Enrth of the Talntest vhject wisihle o a ground-based
velescope, and let By, be the brightness of this object. Let o be the distunce of an

- ’ I v ek
ohject of brightness T B, Smce brightness varies inversely as the square of dis-

N T S O (o TN O b L =
tange, H'r. - t{u_l. and 30 Il.ir; == |'||I'. , Then E.. |'.IIII ﬁl R4 J|I = &lp |_.|'.:l 518 cf =41 r.ll...

The Space Telescope will see about seven times farther,

b. Becawse of the time it tikes for Light 1o trove| from digstant stars and galaxies,
we see them as they were some time ago-—the photons that reach vs from an abject
that is I parsec away were actually emitted 326 vearsaga [wee Chapter 2, Prob-
lem 12) The best ground-based telescopes can see objects about BT parsecs from
our sobir system. How long ago were the photons emitted thal we now see when
we nhssrve such ian object?

Since W' parsees = 3.26 = L0 light-vears, the photons were emitted 3,26 = 11
VEATS §E0,

e, When the Space Telescope begins 118 observations, how far back in time will it
see stars and galaxies!

Stace itwill see 7.1 vimes Larthec, it will see photons that were emitied 7,1 =
5.26 % 100 = 2.2 = 10" vears ago. (1, 93 suggesied by cosmological theory, the
age of the unmiverse is beoween T and 20 billion years, the space telescope should
cirable us 1o see stars and palasies m the earliest stages of formation. )

Piomeer 1 was Taunched on 3 March 1972 1t outlived and outperformed the lond-
sl dreaims of s creators. Deslgned to last at least 21 months, it has continued
well bevond the accomplishment of its mission. On 25 April 1983, irs distnee from
Earth equiled thit of "luto, and the following June it crossed Neptune's arhi

and lefr the salar system. (Although Pluto is normally the outermost planet in the
soldr systeim, il has a lighly eccentric orbit and will be ¢loser to the Sun than
Meptune will be for the nest seventeen vears. ) Tooadd 1o its record of endurance,
mirsl af Franeer 107 mstruments are still working, and Earth-based tracking
stations were 1l recewing signals bearing informiation about the be havior of the
Sui's extended atmosphicre dx of this w riting.
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PROBLEM 5.

Solution:

solution:

m. How long did Piesesr 17 radio signals, traveling at the specd of light
(3,00 = 10" km/<) take 1o reach Earth from the distance of Plotoin Apnl 1983
(458 = 1M km|?

G distance _ 4.53 = 100
speeid I = 10

1.5 = 1fs

153 % 40 .
= e 4
60 foor 4025 hours
b. What was fioneer I0°s average speed, in km!h, if it traveled about
4.58 = 107 km between 3 March 1972 and 25 Apnil I'9832

From 3 March 1972 to 3 March 1983 there were L1 vears, of which 2 were leap
years, and friom 3 March 1983 to 25 April there were another 33 days. The time
[e Proaeer 10 to travel that distance was (365 « L1y + 2 + 533 = 4070 days, or
00 = 24 = 97 680 hours,

458 1°

m kmi/h = 4.6%9 = [P km/h

Average speed =

[ We note that the average speed over this perod is less than the average speed
pver the 21-month period of Problem 6 in Chapter 2. )

The time required for an orbiting satellite o make one complete revislution isf
Earth is called its period, The length of the period depends on the location of the
ohserver making the measurement

Suppose the ohserver is located far out in space aid views the satellite againsi
the background of fived stars, The period measured i this manner is called the
sifereal period of revolution, or the period in relution to the stars. Note that the
rotation of Earth does not affect the sidereal peried. Mow suppose that the
observer i« standing on Earth's equaror. A satellite is overhead in low Earth
arbit moving directly eastward, When the satellite has made one complete transit
of its arbit, it will not vet be overhead for the observer because the rotation of
Earth will have carried the abserver u distance eastward, The satellite must travel
an additional distance o ugain be over the observer’s head. The absorver mii-
sures the period of the satellite as the time elapsing between successive pisseh
directly overhead. This périod is called the sodie period of reveluton. or the
period between successive conjunetions, and it takes into account the

fofation of Earth

Spacecralt usually orbit in the same easterly direction as Earth’s rotation: this is
called & postgrade orbit. All ULS, manned spaceflights have been lsunched 1M pensie
grude orkits 10 tike advantage of the extra velociy given tis the spacecraft by
Earih’s rotation. In this cuse, the synodic period is greater than the sidereal penod

1f the dhrection of orbiting s westerly, or oppasite to Earth’s rotation, the arbit is
sitdid 10 he retrograde. In this cose, an Earth observer would meet the satellite
belore 11 made one complete revolution around Earth, and the synodic period
wirld be less than the sidercal period.

41
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PROBLEM 6.

In Chapter 9, Froblem 7, we show that the sidereal period [in seconds) can be
computed by the formula P = 2oV o' (GM, where a is the average radius of orbit

from the center of the body about which the satellite s in motion, G is the constani
of universal gravitation, and Mis the mass of the hody about which the
satellite orbats,

#. Find the sidereal period of the High Energy Astronomy Observarory {HE A
satellives, which have an average wltitude shbove Earth of 430 kni. The radiis of
the Earth averages 6370 km, and the value of the product (M For Earth is
399 = 10" m'free

Solation:

The radius of orbit 15 the sum of the radius of Exrth and the sverage altitude
of the satellite;

= nAT0Em + 430 km = 6,8l = 10" m,
Then the sidereal period in seconds 55

o8 = 10Fy
Pl 1 1 © b o it o i

I ¥ LY U I L
-P

.I - : = =
= rﬁ.zmuh.nmfﬁéj % 1 = S580 5

The siderenl period then is 93,0 minutes, or 1,55 hours.

b. Compute the synodic period of the HEAO satellites, given that ther orbits
are posigrade:

Solation:  In Fig. 3.1, let 1 be the position of the observer (assuméd on the cquator ) when the
satelinte 1s directly overhead and let v be the observer’s positton one svaodic
penod later, due to the rotation of Earth.

Q—= O  Fgsa
. '
! 1
T )
| |
| i
L |
| |
1 .q |
-
II I|
1 i
1
|
I| II
#
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FROBLEM 7,

Soluthinm:

1f we can find the angular distance A, we shall be ahle ti use it 10 find the synodic
period, In one synodic penod the obsetver traveled an anguiar distance A. and
the satellite traveled an angular distance 360° + A, messuring the angular distance
in deprees. The abserver travels 360° in 24 hours, or 17 in 24/360 hours, so it

inkes the observer (243600 (A) hours to travel the angular distanee A, From part
{a). the sideceal period is 1.55 hours, [t takes the satellire .33/ 360 hours to

travel 19, and the time that elapses between successive viewings over the observer

i .55
i5 thereford iﬁl| (b = A) hours.

24 155
ﬁ A = jﬁi 1.“"'” Al

244 = (1L35SM360) + L35 A

AL A5 A = 555

L

A = 24 Y degrees

S0 the synodic period s [I_"—E;-:;]-L.lhll + 24.9) = 1.bh hours = 996 minutes. We
orhserve that the synodic peried is 6, b mynuies longer than the sidereil peried,

The statement has been made that Newton's derivation of his invers¢-squire law of
gravity from Kepler’s third law js among the most important caleulations ever
performed in the history of science. Kepler's third law, based on ahservation
rather than theory, states that the squares of the perods of any two planets are

ta each other as the eubes of their avérage distances from the Sun, Derive Newton's
Taw from Kepler's Law.

If we represent the periods of any two planets by tand Tand their distances from the
Sun by rand R, respectively, then

[R5

Assuming that we know the values of r and r, and substituting o constant C for
o .
the quantity = the equation can be reduced 1o
r
= CR
Thus if we know either T or B for the second planet, we can solve for the unk nown
quan!il'_u.'. In thas problem. however, we wish 10 use fhis cquation o (v Er @

new relationship. Newton's law of gravitation. For a body moving in a circular
path. the acceleration toward the center 15

I..'
-
r
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Subsiituting in F = ja,

F—E

r

The velocity of the body in the circulur orbit is

- o WS ey PR
h Rfrl'

Because T° = CR, we find by substitution in the previous equation that

o tmme 1

Phatis. the force holding a planet in orbit falls off a5 the sguare of the distance #
ter the S, Mewlen exprossed the value of K and obtaimed his law of universal
Elﬂ'l-'l“l[ll.'llt'li

E - {_;.'nj.'rre

e
This luw applies not anly 1o the attraction between a planet and the Sun hut slso
to thettraction between any two bodies, @7 s the constam of universal mravita-
ton, M and moare the masses of the two bodies. and risthe distunce between
therr centers of mass

In solving the next problem, two special technigues are needed. One 15 0 fre-
quently used approximation based on the fact that (1 + o) (L - x1 = § — &%

IF 2 is small (For example, suppose x = DAL, then x° is very much smaller {fo

x =008, ¢ = 0.0001), and in this case it iswell within the limits of experimental
crrortouse (1 + 5l =i = 1, o I_'J-_L = | — . The other s 1he substitution

of a single variahle for the ratio of twe other vamabie names.
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PRORLEM K.

Sodution:

From Kepler's third liaw, we see that the farther o planet is located from the

Sun. the longer its period is. Suppose Earth orbits the Sun in o circle of radios

rir = 1.5 < 10" km) with a period T (T = 1 year). Then any spacecraft SC (see
Fig. 3.2) orhiting the Sun in the same plane but a1 some greater distunce (v + aj
will hisve 4 period larger than T, and if it starts from a point on the extension of the
Earth-Sun line fas shown), it will gradually lag farther and farther behind

Spaoechalt
50 Larth S
O——0 6
] L ] i
Fig. %.z

However. the situation changes if & is sufficiently small, because then the gravity of
Earth, in the configuration shown, adds appreciably 1o that of the Sun. For the
foree holding the spacecraft in orhit to balance the combined pull of the Earth and
Sun, the spacecraft must move a bit faster. In fact, there is a particular value fir

a s that the speeding up of the spacecraft is just sufficient o allow 11 10 keep up
with Earth, If that happens. then the spacecraft orbits the Sun ina circle of

radiug (¢ + a). but with period T like Earth, What is the value of a that allows

such an orbit?

Let mr,, i, . be the masses of the Sun, Earth, and spacecrafi, respectively. For
Earth's motion, we have, 45 in the foregoing problem.

R MoWE E{ZW ]!
F r AT

or

e, {2

| (1)

For the motion of the spacecrall, similar analysis gives

bd

<%

o imame | M =mql':': _ M (2mir + @)y
A a* +I.rr£r:lz'l| 'r"'ﬂ_r-l-.::![ r !

T

= e + url

3 1
Canceling m,. i = {% ] from (L)

:"'rﬂ.,

[ -
Bl * e u}:l

and dividing by & -,

45
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Now lety = —andz = i Motice that 2 ks very small, singe a s much dess than r,

1
Adfter these substitutions,

Ii+ I oy P

I"|: 1?. il H':l: J"'I

If we divide each denominator by ¥ and again use z = ©
r

o i

boo—— =] + =
{1+ zF

Although this equation contains only e and z, it still has no simple solutron, o we
mow make two approximations in the second term on the left:

=
{1+ z)

= [l =-sF=1—-2r + 2" = | = P

L.

(1= 20 =1+ 2 simplifying to 5 = 32, 0r2* = 3

{F]

MNow the quantity y = % =3 X 10" sozt = 0" or s = 10

Since = =E-£r = % (0T - 1 e 10R ki

The position we have foand in this problem is on egquilibriwm point of the Sun-
Earth system. A similar analysis can be used to show the eéxsstence of inother
equilibrium point on the sunward side of Earth, and in fact there are five such
equilibrium points in all for any two-bodv gravitational system. These are called
Lagrangian points in honor of the mathematician who first proposed their exist-
ence (Fig. 3.3} It has been suggested that two of the Lagrangian points of the
Earth-Moon system should be consddered ns possible locations for future

space colonies,

EHE
| e g 1 il s 1l
f)ll .' wap-Earth auvem
A . X
.-'I..- 'I'"'.\.
Fy L
/ X
i peith of Esn s mrba
. "'-.___
—
| R [ s
bl rl ] ;
T -‘ _
Exrtli — L i e AT R ol
Lyl b Ly L
Fig. 3.3
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PROBLEN %

Solution:

Sodution:

The ISEE-3 satellite (third Indernaiioral Sun-Earth Explorer], a joint ventlure of
NASA and the Evropean Space Agency, was launched in August 1978 and
placed in & “halo orbit”” around the Lagrangian equilibrium point between Earth
and the Sun. In this orbit, it moenitored the Sun’s enssions that approach
Earth—without the interference that would result of the satellite were actually a1
the equilibriem pommt where its radio antenns would have to point directly at the
Sun. After this mission was suceessfully completed in 1982, ISEE-3's orbit and
dirgction were changed 1o conduct an exploratory survey of Earth’s magneto-
tail. In December 1983, the satellite was redirected toward the comet Giacabini-
Zinner and renamed freternasional Comerary Explorer (ICE) in keeping with its
pew mession. [ reached this comet in Seprember [9R5,

B 1T M 55 ihe mass of Earth, then the mass of the Moon s L0122, The radii of Edrth
and the Moon are 6370 and 1740 kim, respectively. Use these facts with Newton™s
Iaw of universal gravitation ta find the ratio of surface gravity on the Moon to

surface gravity on Earth,

1f we place i mass g at the surface of Earth. then the gravitstional attraction
berween the mass and Earth s

CiMm
(R3TO)E

F|=

Similarly, the attraction between the Moon and an cqual mass s placed onats
surface is

 G{0012M)m

L T
The ratio of F, to £is
B _ 02 (H3T0)F
E (1740F 1
_ 4.BT ¥ 10F
308 w0
al
Z\

That is, gravity at the surface of the Moon is % s great as gravity at the surface of
Earth,
b, ITa man weighs 180 pounds on Eacth, whiat would be weigh on the Moon?
Weight on the Moon would be s follows:

L 1slih = 30 b

a7
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FROBLEM 10,

=ulution:

In some future space stations it is expected that anificial gravity will be ereated by
rocation of all or part of the station. Gas jets or other propulsion devices can be
used to control the rate of rotation of the station. Aswith the centrifuge, the
rotation will produce o foree against the astronaut that cennot be distinguished
from gravity. 1f ris the distance of a point in the station from the center of rota-
tion, then the velocity of the point for M rotations o second is

Jmrhd,

-
i

Aspoted in Problem 7.

=
1}
=)
|
-
i
-
5
=

setnng the twa velocities equal,

TarN = Noar

N
' {27)r?
1 i
[ VI SO |
moNT

I ris given in meters, then a % the acceleration in meters per second per second,
By controlling the values of » and N, anv-desired artificial pravity can be produced,

. Uompote the rotational rate needed if the radivs of the station iz 30 m and &
gravity equal to ane-hall the gravity of Earth s desired. (Use g = 980 em per
second per second, or 9.8 m per second per second, )

a= .%-I_'J'.ﬁ mis') = 4.7
1 a7
L A L
I T
157
= 2
= (), (3

The rate of rotation must be 0,003 rotation per second or G0 = U063 = 3.8 rota-
LEN= [Fer minute
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Selution:

PRORLEM I1.

Solutlon:

b. Compute the needed rotational rate if the radms of the station is 154 mand
Earth surface gravity is desired.

Vol 23

R P BT

AV Des
]

=11
The rate of rotation must be 0,04 rotation per second or 2.4 rotations per minute

a. The force of gravitation with which one body attracts another is inwersely propor-
tional to the square of the distance between them. Consequently, the pull of the
Modon on the oceans is greater on one side of Earth than on the ather. This gravita-
tional imbalance produces tides, The Sun affects the tides similarly. Because the
Sun exerts on cnormously greater pull on Earth than the Moon does, one might
think that the Sun would influence the tides more than the Moon. Just the oppo-

site is true. How com this be?

Let N he the point on Earth nearest the Moon and let F be the point on Earth
farthest from the Moon, We shall assume that the tide-raising force of the Moon

is in some sense measured by the difference in the pull of the Moon on unit masscs
located ot N and F {see Fig. 3.41. 10 ris the distance from the center of the Maoon

tar W and if I is the diameter of Earth, then the lorces acting at N anid F are.
respectively, {:—H and tl'i?. M being the mass of the Moon and € the uni-

| .

versal gravitational constant. The difference between these two forces is the tide-
raising force, which we shall call F. Then,

o
]

TP B T
oM l-r'? {r Df]:'l

260, ( 1 4 Q |

r1 4 '.-l

£y, . ; 3
Because — {5 very small, this expression 1s approximite Iw

2GMD,
o,
Esirth
Nl
o O

Fig, *.4
40
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Thus we would expect the tidal effect 1o be inversely proportional to the cube of
the distance, whercas gravity is inversely proportional 1o the square of the dis-
tance. Because the distance from Earth to the Sun is enormously greater thin the
distance to the Moon, it is not surprising that the Moon provides the dominant
tide-raising force. Local horizontal compenents of this force cause the tides 1o roll
i and roll out (e, the horizontal movement of the water ).

h. From the foregomng, we con compare the tide-rasing forces of the Moon and
The Sun, If we use the subscript s for variables that apply to the Moon and 5 for
thisse that apply to the Sun, the ratio

Fn ZGMDIeY  Maur

E. 2GMDIY M

The mass and distance of the Moon and Sun are as follows:

-
a
1]

T3S W 10 kg M, = 1,99 % (kg

384 x Wkm r,= 135 % [%m

o
H
I}

- 'FI"
Compute T

B _ TESROW0 %015 % 107 248
Fo 199 107 o (384 < 1P 113

=S

5o the tidal force exerted by the Moon is more than double that exerted by the Sun
o 1he Eirth
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Chaprer Four

PROBLEM 1.

Solufion;

eometry s fundamental Lo space science. A multivude of activities, from the

predction of Might paths 1 the design of equipment, make use of geo-

medric analysis. Geometry enters into many of the problems of the preceding
and subsequent chapiers. Maost of the problems in this chapeer fall into three
catepories: those involving areas und volumes of plane and solid figures, those thar
use similarity, and those that use properties of circles or spheres: The Sun-Earth-
Moon system happens to exhibit o striking geometnc coincidence . which we exam-
ine 1 the first problem,

To an observer on Earth, the Sun and the Moon subtend almost the same angle
the sky. The average angle is (052 degrees for the Moon end 0.53 degrees for the
sun. Depending on the particular location in its elliptic orbic. the Moon's angle
ranges between 0.4% and (0557, whereas thot of the Sun ranges between (8,532

amd 11,54%, This is why the Moon semetimes completely blocks the Sun, producing
atetal solar eclipse.

a. If the mean lunar and solar distances are respectively 3.8 = [0F km and
1.5 = 10" km. what is the ratio of the solar diameter to the lunar dismeter. and
wihat is the ratio of the wolir volume to the unar volume?

Fig. 4.0

Fhe geometry of the eclipse (s illustrared in Fig. 4.1, Sinee the angle at (s the same
for both the large and the smull triangles and the triangles are jsosceles. they
mmusl e srmilior. Letting Ay and B denote the lunar and sobiar distances,

respectively, and Fry and £cthe lunar and solor diamerers, we have
il 1 g
-ﬂ—"=i"-__l; |f_|‘__3:h.|

Dy Ry 3&x 10

I Waand Vsoare the lunarand sobar volumes; réspectively,

Vo (43 D2Y _ |&|‘

Vi i : = (390 = 5,9 % 10,
Vo | (A Emt2p \D o
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Sodutinn;

FROBLEM 2.

Kalution:

b. Since the angle at U 15 very small, we can approximate the lunar or solur
dismeter by the arc length of the circle with radius By or B; where this arc length
subtends the angle at 0, Use the relation s = ré (@ in radians) to determing the
actual valugs of Dy and 0,

052% = 53 % Tl—:;j—]_d = (LU09T pad

By= R e} = 3.8 10F = 0.9l = 3.5 = 107 km

1.53° = 11,0092 rad, by the sime conversion just shown
Peo= Ro0092) = 1,5 = 10 = OB = |4 3 1P Kkm
(Weate! The render may prefer to avoid the approsimation by using the tangent

i i lunar radios solar radius
function—That is. 1an 5 = et . =
Y lunar distance solar distance

s noke, however, that

to g signifecant digits the resull s the same, )

All the energy 1o meet needs on Earth. whether the energy s nutural or swiithetic,
ultimately comes or has come from the Sun in the form of electromagnetic adi-
ation. There has been much interest recently in using this radiant source of encrgy
directly to supplement o1 supplant the existing power sources. Farther, since our
Sup is but one of many stars. it 15 ol interest 1O cCOMpare 115 ¢AETEY Oulpul with that
of other celestial objects.

One measure of the otal energy radiated by the Sun received @t o unit area of
thie Earth's surlace is called the sodur congrand (where radiation is summed over all
wavelengths of the electromagnetic spectrum].

A radiometer Aown on the Solar Maxtmum Mission (SMBL) is able 10 measure
accurately the intensity of solar radiation. SMM is a satellite in orbit around

Earth at low altitude, and its measarements can be used 10 provide a good estimate
of the solar constant.

The radiometer on SMM admits solar radiation through a small aperture whose
arew is 1150 cm’, and it measures the rate of entrance of this radiation accurately
The spacecraft attitude (pointing direction ) is controlled o that the entrance apes-
ture is perpendicular to the lime of sight berween SMM and the Sun.

a. Ower one observation period, radiation entered the radiometer at the rate of
[.0RY witts. What is the value of the solar constant, K as determined by this
shservation? { Lise an extra significant digit in the answer, since this quantity will
be wsed in subseguent calculiations. )

_ el weatds

5 == — = (1,138 wattsicm’
.50 cm '
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maurtion:

Soluthon:

Solution:

h. 1t is generally asswmed that the Sun emits sadiation uniformiy in all directions.
IF this is true, calculate the total rate of energy radiation by the Sun,

Sinee the radiation energy rille measurement contains only two significant digits. we
can use the Earth-Sun distance of 1.5 = 107 km as SMM's distance from the Sun
{see Chapter 2. Praoblem 8), If the Sun emits uniformly in all directions, the total
rite of gnergy radiation from the Sun 8 the prodoct of the solar constant and the
ares of the sphere with radius 1.5 = 10 kin, or 1.5 = 10" em

Letting F = total rate of energy rachiation from the Sun
P = {5} (4nmrh)
o (0,138 wabts/em b 1,8 = 10" gm )’
= 1.9 w5 [0 walrs

€. The loregoing are typical values. Varavons of approximsiely 0,05 percent have
heen observed ot other times, How much do such variations affect A and £

AN = 05 = MY = 0138 = 60 X 10 wats/om’
AF =005 % 102 % 3,9 % 107 = 2.0 = 10" watly

{ Note: Thiese variations oceur on a short time scale {day to day | and are thoughe o
average 1o zero ovel o long fime scale. A O.05-percent systematic varialaon in
sular radmtion owver a time scale of vears could produce significant climate changes
on Earth.|

d. In 1981 SMM lost pointing aecuracy becavse of o component fatlure on the
spaceeTaft. Suppose that the orentation of the spacecraft changed sothat the

ine perpendicutar {the normal) to the enfrance aperture mide an ingle of 30" with
respect to the Sun-ShMM line. rather than being paratlel toir. By how much

would the radistion entering the ridiomerer be changed?

Forsimplicny, let us assume the aperture is a square. ABCD (see Fip. 4.2), with side
length @, where @ = (150 em’. Looking at this square edge-on with AD as the

tilted edge. if DE is paraile] 10 the direction of solar radiation incidence and AE is
perpendicular 10 DE, the aperture is effectively u rectangle whose dimensions

are A and AE. We label the angles o, §. ¥, Sasshown, Since (L. 2 @)y and

(L%, £4&) are complementary paics of angles, snd since £ 8 = £, we have

L8 = fa = Hos0 AADE is similar to the standard 30°%A0°.907 tnwngle, and the
~ - . 3

ratio # % . hined """_I; are egumal, giving AE = ‘l"T AD = b0, The area of

the effective aperture is therefore (11,566 al {a) = (LBas &, In other words, the
radiometer aill register only 87 percent of what it did hefore losing
poanting contrel

e

I

Fig, 4.2
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PROBLEM 3,

Solution:

PROHBLEM 4.

Salu i

{We observe that the result holds for ipertures that are not square. )

As observed in part (€] of the foregoing probiem, one of the interesting outcomes
of modern advances in the precision with which it is now possible to make meu-
suréments of the solar constant is thet this guantity i= in fact not really s constin!

Solar cells convert the enerpy of sunlighy directly into electrical energy. Forcach
square centimeter of solar cell in direcy owerhead sunlight. abouc 001 watt of
electrical power s available. A solar cell in the shape of s regular hexagon s
reguired to deliver |3 watts. Find the minimum lengrh of a side

The total ares requared is 15 watts/ 001 wait per square centimeter, or 15601 square
centimeters, The regular hesagon can be parfitioned info six congruent egi-
lateral tripngles; exch with an area of LMV & = I3 squsre centimeters (see

Fig. 4.3},

Fig. 4.3

The area- A of any equibateral trigngle with side = may be expressed

-3 : I
A - .lTihaEf:l[ultiiudu] = "'; ""_I': = % Solving for s, we have
I-_ :- -_l‘ ¥ w—ed ol
5 - "l,ﬂ; = -...'m =y AR em” = 24 ¢
b Py

Sobar cells are made im vanous shapes o use most of the lnteral area of satellioes, A
certuin cireular sofar cellwith radios rwill produce 5 watts. Twoegquivident solar
cells are made, one being asquare with side s and the other an equilateral triangle
with side p. Find rin teoms of g and also in terms ol 5.

For thie solar cells twohave equivalient outpus, their arensmust be equal, Thus for the
circle and sguare, wo have

"-tuh.ll = "'1'|-I|ﬂ.l"\.: A==

-
|. I
~ -

-
T |

= {1.504 1.

Foor the circle and equilateral triangle, we have
W3
NG

(370 g

57
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PROBLEM 5,

=alution:

L
A -

The largest component of the prelaunch Space Shuttle configuration is the extérnal
tank, which serves as the "gas tank” for the Orbiter—it contains the propellints
usedd |:I[.' the mam tl'lgilll.‘h. .|"|.|'|;!|l'|1!|,ir11:|[|,‘.'!_l, B S munuies alter faunch, when most of
the propellants have been used, the exterpal tank bs jettisoned, 1t is the only

major paert of the Space Shutile that is nor regsed

Fig 4.4{a) shows the launch configuration with the back view of the Orbiter, and
Fig. 4.4{b) shows the side view. Fig. 4.5{ua], (b}, and (¢} show the liquid hydrogen
tank, the intertank, and the liguid oxvegen tank, respectively. The intgrtank serves
s o mechnnical connector between the liguid oxygen and liquid hydrogen tanks,
and contains the upper dome of the liguid hvdrogen tink and the lower dome of
[]Il.:' |‘i1,|l||.i|.| |.|!-'._'r'|!-_|.':ll- 'Ii|.:1|1.

o. Using the dimensions provided in the diagrams, estimute the volume of cach of
the tanks by dividing the tanks into shapes whose volumes are easy 1o computc

P 1 bl
f

% = Fig. 4.4

| mjiiid
1 CIvLEre
Tank

lineiliin ANl T

Lguidd
Hpdrugere
Tarii

jal 12]]

Lorpaid Voyiergen Tadk Lignil thggen Taik

Fig. 4.2

ll——

2% mcings in e

[ Ths 15 one possible solution. ) The tguid vdrogen vank bas the shape of 2 evlinder
with ellipsoidal caps on cach end. Since the formula for the volume of o hemi-
sphere is better known, [et us approximate the domes as hemispheres, Now the
total length of the tunk is given as 29,6 m, and the diameter as 8.4 m; our
approximstion, then, consisis of two hemispheres (or a single sphere) of radios

4.3 moamed @ evlimder of radis 4.2 m and '|l_'|'|g1|"| 2 =RA=217m, The ||_"-.u'|1i.r|g
woslumme estimate is



Cignmetry

Solutiomn:

solution:

-:'Lm' N = %n[-t.j]' + a4 21 (21.2)

=310 + 1170, or 1480 m”,

The liguid oxygen tank can be approximated by joining & hemisphere of radius

4,2 m, a cvhinder of rodies 4.2 m and length about 4 m. and o cone with base radius
4,2 m and height 8.1 m. {This should probably underestimate the volume, since
the tapered section is larger than a cone, ) Using this dissection, we find that the
volume estimate is

mr + wrh %TI’."‘I‘T:.."

Tad | B

bl

w420+ w2R) + 3Rl (81)

85+ 224 +150

m .

52

-

b. The actual volumes of the hydrogen and oxygen tanks, respectively, w the
nearest mare 1450 m” and 541 m . What are the absolute and relative errors of
the eatimates in (u)? {See Chapter 2 Tor o discussion of these errors, )

For the hydrogen tank:

Absolute error = festimate — true value| = [1480 — 1450| = 30 m'

- 3
Relative grror < Apsolute eror | e~ 30 o gnne = 2 1o
frue witl ue 1450

For the axyvaen tank:
Absolute ereor = [527 - 541 = 14 m’

Helatve ercor = ¥ w1005 = 2656

L

¢, The outside of the external tank iz covered with a multilayered thermal protec-
tive coating towithstand the extreme temperature variations expected during
prelaunch, launch, and early flight. Although there are variations in the exact type
of material snd the thickness at various locations on the tank, the average thick-
ness is 2.5 em. Estimate the total volume of the insulation material on the tank,
gusuming & uniform thickness of 2.5 ¢m

A simple way 1o get such an estimate is to model the external tank as three sections:
the lowest section @5 approximately a hemisphere of radius 4.2 m; the muddle
section is an open cylinder of radius 4.2 m and height (47.0— 4.2 = 8.1] = 3.7 m;
the top part is approximately a cone of base radius 4.2 m and height 8.1 m. The
volume of insulation is then close to the product of the surface area of this figure
and the thickness 2.5 cm. or 0025 m.

The surface area of an open hemisphere of radius r is 2r'; the luteral area of a
cylinder of radiug ¢ and length s 2ok the laterat arca o & cone of radius r and
lant heaght £ is mei—in this case we know the vertical height & rather than the slan

height, but 5, &, and r are related by & = ¢ + 5 or s = V' + 1 [see Fig. 4.5),

59
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The surface arca. then, is
(427 + 2 (4.2) (4.7 + (2P NI 2P F (R0 Y
=111 + 816+ 124
= 114Tm".
The volume, then, 15 (1147) (025} =29 m".

e
’_i_ =
B

Fig. 4.8 Fig. 4.7

PROBLEM 6. A spacecraft is a1 P, a1 an altitude & above Earth’s surface. as pictured in Fig. 4.7
Fhe distance to the horizon is.d, and ¢ is the radivs of Earth,
w. Derve an equation tor o interms of Fand &

Solution:  Because PA s tangent to the circle at AL angle PAO s a rght angle, Then

ro4u? =1r +hy
d*=(r 4+ HF ="
= 2rh +:h*
= N & it
b. The satellite Atmasphesic Expliorer 3 { AE-3) has an elliptic orbit with apogee
height 4300 km and perigee height 1530 km, Find the distance from AE-2 1o the
harzon at apogee and perigee. The radius of Earth, to two significant figures,

i Gl Ky

Sedution: At apopee: At perigee!

d = N 2004007 (4300) + (43007 d = 264000 ( 150) + (130)
= LY 5504 = [ 549 = 10V [92I0) + 225
— 8600 km = 1400 km

ik
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Solution:

=olution:

c. 164 is small compared to r. the formula for ::' found in part {a) can be sim-
plifiedd by dropping the #° term, leavingd =V 2rh. Redo the caleulations of piirt
() using the simplificd fl:l-rrnu.lu and compute the relative errors of

these approximations,

Al apogee;
Byprrea = W 2(6400) (4300) = 7400 km
: _ Bl — THE =
relative error = T (.14 = 14%
AL peTigec:

By, = W 2{0400) { 150) = 1400 km
This agrees with the previows result, and the relative error s

d. For what range of values ol & is the approximation 4 = W2k accurate to two
significant digits?

We need 10 know the range of values of h that sausty the following condition:

Virk + B < V2rh + 0.01V 2R

VI + = 101V 2ok

ark + b7 < (100Y (2rk) = 2rk (1.0201)
At = 0L Mrh
= Uy

Fisr ¢ = Adill km, we need b < 256 km,
From the foregoing, we see that under certain conditions it is possible 10 substitute

a simple formula for a complicated one without affecting the results. Great care
must be taken, of course, 1o ensure that the conditions needed for such sim-
plification are in fact sutisficd. Another useful resuli based on twao such approxi-
matlons s developed in Problém 8, But first we consider the basic geometry of
photographic scale.

fil
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fi2

PROBLERM 7,

Solution:

Solution:

Solation:

InFig. 4.5, the flight path of an sirplanc or satellite carrying a comera with its lens at
15 shown by the arrow, The camera is at a height A above the ground and has
foonl length

i 7

[

Fig. 4.8

a. I PO s the image on the film of ling AB on the ground, find the scale of the
F

PEELLEE, e Tk n—{ﬁ issuming the picture is taken vertically (PA 5 perpendic-

ulir to both the film and the ground)

pQ _f

Since trmangles ABC and POC are similar, —

AB M

b, [t Fand M are in the =ame units, the ratio L is called @ 1-1 scale fictor. Deter-

H
ming the [-1 scale factor for & photogeaph taken ae a bewght of 3 km with
cumern hisving a 150 mm focal length.

£ _150=10
Ho A= 1

=5 I‘l"

¢. 1T the photograph of part () shows an imuge o1 @ seraight rosd that measeres
1,25 mm on che flm, how Jong is the actual road?

Let L bethe aciusl length of the road (n meters.

imape bength = T ]
petual lengrh [

=5 & 1™

BRI 025510 = 250m

Se N
d. With current echnology, 1t s possible 1 make measuremenis on photographs,
to the nearest micron (10 "mj What is the smallest actual length whose image
can be measured on the photograph of part (B)7T {This is called the resolution of
the photograph. )
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Salution:

PFROKLEM B,

Sodution:

Liet % be the smallest actwal length i meters. Then

L]
=Skl
i
Sxples=10"
e |
anid Y==m=U02m

The eurvarure of Earth can introduce distortion in a photograph. We need some
new termmalogy 1o discuss the correction for-such distortion. The poimnt on Earth
vertically below the comera is called the nadie and its image on the film is called the
photogragdh nadiv point, Becouse the photograph is flat, the image of any point
except the padic will be closer to the photograph nadir point than it would be i
Earth were atio flat. In the next problem, we develop a formula 1o coreect for this.

The geometry of the photographic correction for Esrth’s curvature is shown in
Fig. .4, The image of the point P is a distance r from the photograph nadir point
(3, fis the focal length of the camera, and £ s its height when the picture was
taken, Inorder io get a Vcorrected ™ mcture, we need to place the image at 1", in
the plane of the tangent to the nadir, N. This means we need to compute ar so that
the corcected image 15 & distange r + Ar from (2,

Fug. 4.9

a. Show that Ar = % Jwhere f s the radius of Earth

Let Je be the vertical displacement of P* with respect to I and let x be the horizontal
displacement of P (also of P) with respect to N, We see from the diagrum in Fig, 4.9
thit x and frare related, 17 Tis the foor of the perpendicular from P to NE,

where E is the center of Eirth, then APTE 15 2 right triangle with PE = R,

FT =x, and TE = & — . By the Pyvthagorean theorem, R =x*+ (R — Y, 50
Ri=x'+ R*=2Rh + h°, giving x” = 2Rk — ", Since b 15 very small compared to

R. we shall use the approsimation o= & 2Rk,
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There are two pairs of simdar rriangles in the diagram

Fiar the inmer pair

[-Hxh
i3
r
fr=(H+ ki,
(14
fx = Hr + kr,
For the outer pair.
- |
I+ Ar
a7
fx = M +Aar),
§F

fr = Hr + fAr

Companng the twir expresssons for fx_we seethat ke = FAr, Then Ar = ﬁh =
é:ﬁ i Mow we need another approximation in erder to eliminate v In the relation
fx = Hr + kr_since b s small compared to H, we have fr = Hrosox-= ”% )
1 I Morr e’
M his fust subs . wi b SO . 1Y AR Lo
akimg thiz fast substtution, we have &r THE T T

b, Find the correction Arand the resulting r + Ar for a photographic imige taken
who hedght of 92 km with a camera having a focal length of 132 mmoif »measures
A5 2 mm, Recall that # = 626 km

Solution:  Since M oand B arein km and #oand {are inmm, if we do no wnit conversions, we shall
be computing e in mm,

o A e S L e i)
[2) (6aon) 132y 11 wmm

P+ Ar=6524+1L11 =6335 mm

h&
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PROBLEM 9.

The final problems in this chaprer deal with some aspects of planming for the future
construction of such large commercial space structures as the antenna svstem in
the illustration on page 47. It is planned that the materials for the antenna system
will be carred up and the actual construction done in orbit, This frees the con-
struction of two consderations: (1) the rigidity that would be required for such a
structure o break away from Earth's gravity and (2] the strength needed o
survive fransportation meo orbit intact, 10as, of course, desirable to keep to o
mimmum the number of trips needed to transport the components, and consid-
erable elfort has gone into the development of matenials that are strong and light-
weight and that maintain their properties over a wide range of temperatures. Ler
us s£e how successful the effort o minimize the number of trips has been.

The Space Shuttle can carry 29 500 kg of payload inte orbit inoa cargo bay that 1s
bazically w ¢vlinder having a length of 13.3'm and o diameter of 4.6 m. The
structure in the illustration has 91 antennas, each a paraboloidal cap 200m in
diameter and 2 m deep. The material for the antennas 15 a knitted metallic mesh
weighing 6l g/m”,

The plan for 1he truss assembly thar holds the anrennas is shown o Fig. 4. 1L A
promising material for the columns is graphite-epoxy, which combines excellent
strength and stilfness with light weight, having a dengity of 1322 kg/m’. The truss
assembly shown has 252 copies of the basic repeating element, with euch repeat-
ing element consiating of aretrahedron having nine complete struts as shown in
Fig, 4.1Ke), The struts themselves are hollow columns 10,4 m long with radios

A8 emoand thickness 0057 mm as shown in Fig: 1

¥

(¢} Hasae Repeating Element

{&) Repeating Tetrahedrons I

Mis, of Columns per
Repeating Element

Lonwer cover-—1
Cope—3
Upper cover—3

Fig. 4.10. Tetrabedrul
Iruss caRsiFuchion. [b} Compieis Tetrnhedral Truss

S
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Solution:

Sadluition;

Flg. 4.11 Fig, . 13

a. How many Shuttle trips would be necessary 1w get the weight of these elements
{the metallic mesh for the antennas and the columns for the strets) o orbn?

We shall get an approximation for the weight of metallic mesh by treating the
antennas as thowgh they were cireles of radius 10 m. (In'Chapter 10, “Calculus,”
wie shall get g more sceurste resuli, ) 1f we have 9] circles of radius 10 m, the ol
area will be (911 {m1{10)° m’, and the total weight of metallic mesh will be

(90 o) (10 (000 g = 1.7 = 107 kg, The volume of material in cach column can be
approximated by (e () (F] = 27 [ 3,8 =< 10 NULET = 100 10,4 mY, soothe

total weight of the columns s (232 (41 (0, 28 (L 8) 0L AT 104 (1) [ L522) kg=
4.9 10" kg, The total weight of these materialsis (1.7 + 4,93 = 10 kg = .6 = 1Y

i
kp. ;%m‘i = 0.224, or about 22 percent of the Shuttle’s weight capacity.

b, We see that the Shuttle can easily carry this weight on a single 1nip, Now we
must consider volume: will the materials fit in the wvailable space? Assume that
the metallic mesh is 7.5 mm thick and safficiently Bexible to pack info any shape,

The cargo bay's evlindrical volume is given by sR°L = {23 (18,3 m? = 3.0 = ¥
m’. We have already found that the total area of metallic mesh s (9110 L) m’

= 2.0 = 10" m', w0 the total volume of mesh is (2.9 2 WY (7.3 < 107" m’

225 108 m'.

This leaves {3.0 — 2.2] = 1IF m' = 80 m’ for the columns (and all the remaining
hardware needed [of assembly, which we are ignoring here

Since the columns ire 10,4 m long. they cannot be placed ¢nd 10 end in the [8.3m
loivg carpe Bay, We misst consider how 1o stack them most efficiently. 1T we
comsider the cross section of the stack . we see thal we need to find the most
cificient way 10 pack circles ina plane. [tis intuitively reasonable (although the
proof is far from simple) that the maximum efficiency s achiéved when each circle
18 Tangent 1o six others, as illustraed inFig. 4,12, From the diagram we see that
each hexagon s sides of lepgth 2r, wheere ris the radius of the circlé. and there-
fore hasaren 600/ 2) (260 (W 36) = 6N 3r?. Also, cach hexagon conlaims three com-
|'!l||.‘!l.: cireles whose totul area is 30 L Soothie Traction of arei dciupted by cincles 1=
o A

Wi V3




Creometry

FROBLEM 10,

Soluthen:

Since the fraction of space ocoupied at the boundary will be smaller than thes, let
us assume that the columns pack into the cargo bay so thar |2 percent of the space
15 empty. This means that the columns will pack into a cross-sectional area equal
1o 1/1.88 of their total cross-sectional area, We recall that there were 252 x 0 =
2268 columns, each having radius 3.8 cm and therefore a cross-sectional area of
w0 FR) m* = 4.5 % 10 *m®, The total eross-sectional aréa needed. then, is
2268 < 4.5 1077
0. HH
oecupy (IL.7p{10.4) m* = 1.2 % 10F m” of space. However, there was only 8 m’ of
space lelt after caleulating the volume of the metallic mesh, so it will take more
than one trip to handle the volume, even though the weight 2 not a problem, Cur
specess in reducing the weight now places the foows of Our attention on volume .

m' = 11.7 m’_ Since the columns are 1004 m long. they will

i order to fit more columns into o smaller space, the designers realized that they
should investigate the possibility of tapering the columns and then “nesting”

them for transportation, like o stack of paper cups. Fig. 4.13 illustrates the idea,
Linder this scheme, each column would be made of two tapered half-columns,

with their wider openings joined: half-columns could then be nested lor stowage in
the cargo bay. Tapered columns have been developed and tested for strength. If
ryisthe radios of the smaller end and r; the radius of the larger end. tests showed

. TR ;
that an optimum taper ralio I.E.FI = (4] wnid that such a tapered column is actu-
}

ally stronger: it can carry about 30 percent more load before buckling than an
untapered column of the same weight.

fah AsscmlHed Codimmn ihi Mewied Hal-Column ERemsils
Fig. 4,12, Tapered Cobaimn Concepl

¥ .

a. 1f the mean radius s 0o be 3.8 cm as hefore, and :'— = (4. find the values of r
¥

andd s

We hive 2 : T~ 38 andr, = 0.4 r. Clearing the fraction and substituting, we get

A+ =76

L&dr="708
7.6
==
F; 13 - A cm
Py o= (D454 = 2.2 cmi.

&7
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fal

Kalluthmn:

Solution:

b, Fig. 4. 14(a) and (b) display the geometry of the tube nesting, where d, = 205y,
dy = 2oy Uis the length of & half-columm, and & is the tube-nesting separation.

Show that 4 =~ 3

and find an expression tn terms of € and & [or 1he number of
Ty

half-columns that will fit into one stack the length of the Space Shuttle cargo
bay.

In Fig. 4.14(b]. if we inscrt the horizongal line shown and lerter some key poinis a5
indicated (Fig. 4. 150, AABE and ABCD are similar, so ABBC = BE/CD, We
have AB = A, BC = {, CD'= r; — r, and we shalf approximute BE" by BE = t.
rd

— 1

Then, with this approximation and the proportionabove, 4
=

From Fig. 4. 140w}, we have one half-column of length nn thr. lefi end, in which

we nest o additional half-columns, wheren = INT [ b3 —--——[ (TN signifies the

greater integer which is less than or equal 1o the number in the square bracke1, )
Mow the pumber of halt-columms thet will 1t into one stack is ™ = 1 4 g = | 4

153 — ¢
lHTI—i ]

e, For the truss assembly of Problem 2, determine the volume cecapied by the
strut columns if they are made of half-columns as desenbed here and nested for
stowing in the careo by,

We have £ = half-column length = {(1/2)(10:4) = 5.2'm

L af (057 % 10753 .
B . L =9 % 102
R G4 =E xR

W T4 1m|]

] s
W] 1 + INT]145:6] =1 + 145 = 1486,

Wi had o total of 2268 columns, or 45330 hall-columns; se1his means there will be
INT "'5']

31 sracks. and one additeonal shorter stack .

Each stack 15 18.3 m long (although one stack will be shorter) and has a radms of
5.4 em, soits volume 15 (00547 (E8.3) = (L 17 m'. The votal volume of thie 32
stacks iz a little less than 32 = 017 =54 m'

By the analysis in the bast part of Problem ¥, these stacks will take up & I:H

6.2 m” of space in the cargo bay, and now the materials for the truss-assembly and
the antenna “dishes™ can all be transported in g single Shuttle trip.
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Chapter Five

PROBLEM 1,

Solution:

the space program. In this chapier we examine the role of probability in

menu planning. in some aspects of the transmission and coding of spacecraft
ohservations, and in the control of equipment reliability, Some elementary
examples of the use of statistics are illustrated in the final two problems

P robability theory and statistical technigques make important contributions 10

The early manned spaceflights sevealed much abowt the body’s response to pro-
longed weightlessness. Anointeresting and vaned food supply was thus needed to
guard against a loss of appetite in the face of what was learned. The food supply
for the crew of the Space Shuttle is curefully plunned to compensate for the high
energy requirements (averaging 3000 calories per person per day ) of working in o
frictionless environment and the body's tendency 1o lose essential minerals {such
us potassium, caleium, and nitrogen) in microgeavity. The Space Shuttle food and
beversge list contains more than g hundred indwodunl itéms, A tvpical dav's

mienw might be the following:

Meal | Mewl I Meal 11

Peaches Frankfurters Shrimp cockrail

Beef patry Tutkey tetrieemi Heef sieak

Scrambled eggs Bread (2) Rice pilaf

Bran fliakes Baninis Brogeol au gratin
Cowoa Almond crunch bar Fruit cocktail

Orange drink Apple drink (1) Butterscotch pudding

Grrape drink

In general. cach meal HI contains a main dish, o vegetable. and two desserts; with
in appetizer included every other day. The food list contains 10 items classified
as main dishes (M), 8 végetnble dishes (V) 13 dessents (02, and 3 appetizers (A).
How nyiany different menu comhbinations are possible in cach of the first six days
of flight, assuming no dish is repeated?

The number of choices is tabulated below:

Day A M L 2} Mierber of Cowtbanaiions
| i ] = I3 12 1T 444)
2 — 'H' 7 11 i B i
k| ¥ ] i b i 2
Fai 7 g 7 i 1470
1 | h 4 5 4 R
f — 5 3 & 2 1



Frobarality and Stansncs

PFROBLEM 2,

Seduthen:

PROBLEM 3.

Solution:

The electronic telemetry system aboard a spacecraft transmits the data of spacecralt
motion in the s, v, and 2 directions, The system consists of three motion sensors,
asignal conditsener, and a teansmiatter, The probability of failure for each motion
sensor and for the 1i_|£r_|;|| comditiwoner 12 00007, The '|"|:rl.‘.l|:'.l'.|hi.|i.|:!.l of failure for tha
transmitter 15 0,001, Assuming that component tailures are independent events
pnd that the Bulure of any component will render the telemetry system inopera-
tive, compule the probabiliy of a spacecraft 1elemetry success.

The probabality of success 15 equal 10 1 minus the probability of faillure. Therefore,
the probability of suceess for ench sensor and the signal conditioner is

£ =1— LKL = L9999,
Similarly, the probability of success far the transmitter 1=
Po=1 = 0] = .85,

The prabability of success for the telemetry system is the product of probabilities
of siecess for each component; that is,

P o= (099007 (0,900 = (9946,

The signals transmitied by a spacecraft telemetry system are in the form of pulses
imposed on a radio beam. which can be interpreted as binary digite. For exam-
ple. the signal fragment T .., willbe regd as .. DIDLIO. . ., since the
presence of o pulse i read as 1 and the absence of 5 pulse as 1. Each possible
repeesentation of a O or a 1 s called a *“bie.™

For a variety of reasons, equipment errors cin cause a ) to be transmitied instead
of & 1. or vice versa, As a result, error-detecting codes have been developed to
improve data reliability. All such codes are based on transmitting extra hits that
can be used to determing whether errors are pressntand even, for the more
sophisticated codes, where the errors are. [ransmiting these extra bits, however,
means that fewer message-carrying bits can be sent in a given unit of time. and 50
transmisston reliability must be traded aganst transmission efficiency. Probability
theory plays an important part in weighing the trade-offs.

a) The telemetry system of a certain spacecraft has a probability of 1 percem of
transmitiing an erroncous bit. One way o increase data reliability would be to
repeal each message bit three imes, For example, .. 010110, .. would become
oL OO L Lo L, L o eprors Ocewr, Bt is decided 1o imterpretl any

oof the triplets 00, (600, 010, or 100 s 1 and any of the triplets 0L 101, 110, ar 111
as 1, find the probability of error in the interpretation of @ message bit.

assuming the transmission of each bit is independent.

A messape bit will be interpreted erroneously if twoor hree errors hive ocourred in
the friplet.

P{2 errors) = |'3;|[u.c]| ¥ (0,90} = 0, 000297

Pi3ercors) = (0,001 = 1L OMHKEI

P{2or 3 errors) = 0L00U259E &= (L0003
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Solution:

W see that we can reduce the probability of a frapsmssionerror in a single ba
from | percent 1o (L0O3 percent, but at & cost of ending three times as many hirs
as are actually needed tor the message. To put it a different way, the desired
message would be sent ome-third az quickly

b. More efficient error detection can be done with pasty eoding. In this method.,
a''parity it is inserted after each string of message hits of a predetermmned
length & so that the sum of the (& + 1) bits is either always even (even parity) or
alwiays odd (odd parity ). For example, if & = & and even pority 1= used, the Message
T1OTOIOHHT . will become TIOLIOGIONIOONT ., | O receiving the trans-
mission signals, an error is detected if the sum of the appropniate five contiguons
digits is odd. If the probabilivy of error in 4 single bit is T percent, fnd (i) the
prohability of at least one error in the rransmission of lour sequential bits. and (i)
the probahility of an undetected error after using even-parity coding

(1) The probability of an error ocewrring in a1 least one of the four bits s

1= Pinaerromsin the 4 hitsy = 1 — (.99}

1= 09606 = 0.4, ord peroenl

Ciih I gach sev of live bits ander parity coding, if 1, 3, or 5 ermors seeure, (e som of
the binary digits will be odd and the ervor will be detected. 17 2 or 4 digits are in
error, this will go undetected,

Bk iy

P(2 errors) = | 5 ) (000 F ((.99)° = 000097

5
Fiderrors) = | ] (0,019 (0.99) =5 = 107
S0
Plundetected ervor) = {2 or 4 errors) = (0.1 percent

By inserting a panty bit after each four message bits. we have reduced the trans-
mission efficiency to 80 percent of its possible maximum but have reduced the
probahilicy of un undetected transmis=ion error m each four-bit word” from 4
percent to .1 percent, However, when we do detect an error. parity coding does
nod tell us which of the bits is erroncous, In Chapter 8, “Matrix Algcbra,” we
shall examine the Hamming Code, which notonly detects a transmission crror hin
alse tells which bit is wrong.



Probabtabicy and Stagestes

PROBLEM 4.

Soalution:

An acrospace congulling company is working on the design of a spacecraft system
composed of three main subsvstems, A, B, and C. The reliability, or probability

of suceess. of each subsystem after three penods of operation 15 displayed in the
following table:

I day 3.3 monihs H_5 montie
A {1 ST i1, 8985 LR LR
] FRL LT O33R (. 7265
[ .49496] (1, %9060 1.94950

These reliahilities have been rounded to four significant digits. The 10000 in the
first column means that the likelihood of the failure of subsystem B during the
first day of operation iz so remote that more than four significant digits are needed
to indicane it

a. Consider the ¢ase of the series system shown in Fig, 5.1, 1T any one (O morc)
of the subsystems A, B, or € fails, the entire system will fail. If I is the total
probability of success of the system, find F, for each of the three time periods.

—{a—rTE——c—

Fig. 5.1

For the first 24 hours,
E = PyFuP,
= (09097 1O000 (195961 )
=1}, 9958,
Fora perod of 3.3 months,
B = Falal:
= ({0 BIR5) (1. 9356) ((_996(0)
= R4,
For a period of 8.5 months,
£=PaFPaly
~ (0.6210) (0, 7265) (0.9950)

= [}, SO0
5
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Solution:

Silution:

b. The system shown in Fig, 5.2 will succeed if B succeeds and at least one of A
and C succeeds. Find the probability of success for this system for the 3,3-month
time period.

Fig. 5.1 Fig. 5.3

The probahility of success for the portion of the system containing A and C is
Pyc=1— Piboth A and C fail )
= 1 = {01, 1015} {0,0040) = [), 99596,

Then

Py = Pyl o = (0.9386) (11.9996) = 14352
¢. For more complicated systems, the use of conditional probability is hefpful. 1f
an event A can be divided into n mutually exclusive subevents B,_B-, ... B, (n
finite ), then P{A) = PAIB ) P(B) + PAIBOP(B + ... + P{A|BPIB, ). where

the notation FIXY) designates the conditional probability of X given that Y has
oecirred.

Consider the system in Fig- 5.3, where the 3. 3-month reliabilities of the sub-
systems A, B, Care the same as before and the 3.3-month relinbilities of [ and
E are (00,9216 amd 119542, respectively. Uise conditional probability to find the
reliability (1 2., #) of this system for the 3. 3-month period,

[his sysiem will succeed if any onc of the paths (A, D), (B.D} (BE), or
(0B succeeds, We cun choose B as our focus and assert that
Po= Plsystem spcceeds[B sugegeeds) Py + Plsystem succeeds B failsi (1 — Pal Now
we evaluate Pisvsiem succeeds|B succeeds). If the system succecds given tha B
succeeds, this means that af least one of I and E wouold have succeeded, sio
Pisvatem succeeds|B succeeds) =1 = {1 = Papil = &)

=1—{l=Fo— P+ Pl

=H.+ R - BR

= [L9216) + [(1.9542) = (10,9216] {(LU543)

= [ UHsd
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PROBLEM 5,

snlufion:

Mext we evaluate Pisvstem succeeds|B famils). For the system to succeed in view of
the failure of B means that at least one of the paths (A D or (OB must have
succecded, =0

Psystem succeeddB fails) = | = (1 — ARl (1 — FoFEe)
= Pufp+ Fofe — PaFhFe e

= (0.8085) (0.9216) + (01, 9960) (.9542)
— (0.8985) ((0.9216) (1.9960) (0.9542)

= (L9915

Fo= (09964}, (09915101 — M)
o (019964 {09386} = (09913 (0.0614]
= [FO%%] .

In Problem 4a we saw that the toral relinbility of the system deteriorates rather
rapicdly in its present stage of design, with less than i 50-percent change that i

will operate after 8.5 months. The reliability of subsystem C remains nearly con-
stant, whereas the grearest decling in reliability takes place in subsyvstem A,

which contains & particular part 1hat is expected to wear out rapidly, The consalt-
ing firm 15 asked to determine if enough improvement could be made in sub-
system A to provide a reliabnlity afier 8 5 months of 0,750, Compuie the
improvement necded in subsystem A.

Let x be the factor by which the relishility of subsystem A must be multiplied. Then,
as before,

F= PR
CTE00 = (L6910} (0. T30 ) (0.9959) = 05Uk

07500

5 = 1.500.
T

The reliability of subsystern A must be 1,500 % 06910 = 1037, The increase in
reliahility cannot be abtained by improving subsysiem A alone. since the
reliability cannot be greater than 1.

The next problem demonsirates the combined use of probability and computer
simulation 1o determine the volume of an irregular solid,
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PROBLEM 6.

Solution:

=olution:

Salution:

d--.r'l'!r

LMY AL

An inmternal fuel tink on a space vehicle has the shape of an cllipsoid truncated by
three planes, as shown in Fig. 5.4, Our problem is to determine the volume aof

this fuel tank. Let us use, for an example, the ellipsoid whose equation is

¥ 3 JI 1 = -

i o e | and with the planes being ¥ = =7, and z = —1.5. where the unirs
are meters

L
Fig. 5.4

a, If the tank &s sureounded as tightly as possible by a rectangular prism with faces
parallel to the planes formed by the coordinate axes, what inequalitics must the
coordinates of the ponts inside the prism satisfy? What 1s the volume of this prism?

I (x,y.2) is ingide the prism, x must satisfy -7 =<x = 7 because of the wruncating
planesx = —Tand x = 7; y must satisfy —3 <y << Ibecause y = ~3and v = 3 arc
the planes tangent 1o the ellipsoid and parallel 1o the x-z plane; = must satisfy
=1.5< 1 <1, since 2 is bounded below by the truncating plane = = — 1,5 and

above by the plane = = 2 tangent 1o the ellipsoid and parallel to the 5-v plane, This
rectangular prism has dimension 14m =< fm = 3.5 m. and the resulting volume is
2 m

h. Let V) be the volume of the prism and let V, be the volume of the tank, which
we are seeking. 14 point 1 randomly chosen inside the prism, express the proba-
hility that it is also inside the tank, in terms of V, and 1,

This probability is equal to ¥,/ V. the ratio of the volume of the tank to that of the
surrounding prism.

c. It N points are chosen at random inside the prism and { of these points are also
inside the tank, express V) in terms of &, f, and V;

The prabability that I points are in the tank out of the N points chosen randomly
inside the prism is approximuted by I/N. So we get /N = V/V | giving
V, = V(1IN



Probability and Satistios

GRiGifAL PAGE 18
OF POOR QUALITY

d. Write a computer program 1o perform this simulation, using a random aumber
generater 1o gef coordinates of points within the prism.

79
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FROBLEM 7.

“d

Sunspots were observed and recorded as long as two thousand years ago. The
invention of the telescope around 1610 permitted the systematic observation of
these solar Features, their motion, and their frequency of occurrence. (Problem 6
of Chapter 7 illustrates the use of trigonometry in analyzing sunspot motion. ) Tt

1% relatively easy to observe sunspots by using a long-focus lelescope 1o project an
imige of the Sun on a picce of white cardboard.

Fig. 5.5 shows the record from 1610 1o 1975 of what is now commaonly referred 1o
a5 the “sunspot cvele.” The vertical scale represents the number of sunspaots
chserved. The dats since 1740 are considered relinble.

Although sunspots are still not well understood, it has been established thart they
are regions in the solar atmosphere that contain enormous magnetis ficlds relative
10 their surroundings, along with cooler temperatures. Moreover, there appeat

10 he connections between the level of sunspot sctivity and the occurrence of

“magnetic storms™ i Earth’s jonosphere, the density of Earth’s upper atmo-
sphere., and changes in Earth’s weather and climate.

Since variations in upper stmosphere density can affect the orbital lifetimes of
satellites, the prediction of sunspot activity is an important aspect of the plan-
ning of some space missions. The mean cvcle length as well as its variability must
be taken into aceount, making statistical analysis vital 1o such predictions,
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The following table summarizes some of the data of Fig. 5.5, The first step in the
statistical analvsis for the prediction of sunspot activity is o determing the mean
and the standard deviation for each of the following measures: the rise time; the
fall time; the period from minimum 10 minimum; the period from maximum o
maximum. Compute these means and standard deviations.

Tabde 5.1
Year of Year of Yeur of Year af
Cycle Minimum Maximum Cwele Manimum Maximum
1 1743 1750,3 12 18672 18706
2 1785.2 1761.5 13 18789 188319
3 1766.5 17697 14 1889 .6 1504, 1
4 17755 17764 15 19017 170
5 17847 17851 16 19136 19176
i 1794, 3 1805.2 17 19234 1928 4
7 18106 I816.4 I 19338 14374
b 18233 | o at i id 19441 19477
] 18339 1837.2 21 1954.2 14582
1n 1843.5 18481 21 1064 6 19706
i1 1856.41 Ta6i0.1

Selution:  The computations were done by microcomputer. The program listing and the resulis
of 1he run are shown below and on page 82,
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FROBLEM B.

Among the studies arising from Landsar observations are several concerning
the cvaluation of properties of snowpacks. In many areas of the world, water
rescurces are heavily dependent on winter accumulations of snow.

Computer models are being developed whereby potential water resources can he
predicted from satellite measurements of microwave emission in snow-covered
arcas. Predictions from such models are tested and the models refined by making
comparisons with ground-based measurements of snow depth and femperature.
Such messurements, when graphed, inevitably show a large amount of scatter,

and it is the regression line for the data that is used as the standard for comparison.

Fig. 5.6 shows such a comparison, where the hortzontal scale is temperalure in
degrees Kelvin. (The Kelvin scale of temperature is obtained from the Celsiug
sgale by adding a constant, 273,15, so that (PC = 273015k, and

WPC = 283.15°K.)

The data points of Fig. 5.6 are listed below, Find the parameters of the equation
of the regression ling

E
(heS 2% (Y, juy (3R
CA01T) RIS L2EL 2
(BIL I0p 42430 20738
P MR | emsmoy (ILECIS) 12104
"\-,\\ IET. ) (3K DXL TR
{32130 1210, 1) (232,17)
273 0Ay 2800 (XRLED
s L PR LT o R Bt BT
BTN [137,05) (XELEF TR
= [ AL I T = LR
E | [hol gl (240.8) (s
= (b1, T ka3
a 31 1) AL 1MTT
LY P e (N T LR B
e t'."ul..':. [ L T o .1 |
i 1255, 1)
A = -
10 =
3 Mgkl genermiod curve ol B2 g deped vEmEs
the swal depehe tacan wiikr ek minidded of &
ETRIT a0
r
1] | —l | | ! =t . |
i o s M L1 1al 25 26l fi ]
Tu K}
Fig, 5.6
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E;liutm‘ As iy the previous. prablem, the computations were done by microcomputer. The
- program listing and the results follow.
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Chapter Six

PROBLEM 1.

Sallution:

solutian:

Solutiim:

PROBLEM 2.

Soluthon:

b

us the de.-’.cﬂpticm of the solar SyElem we knicw ||.:-|.|i|:.-' would have been virtu-

ally impossible without the wse of logarithms to reduce the libor of the com-
putitions. Although computers and caledlators have replaced logarithms as com-
putational tools, logarithmic and exponential functions are il essential for the
study of Earth’s atmosphere and rocket propuision, examples of which are cired
in this chapter.

T he early work that led to our understanding of the planetary motions and gave

Experimentation and theory have shown thar an approxmate rule for otmosphenc
pressure al altitedes less than 80 km s the following: Standard atmospheric pres-
sure, 1035 prams per square centimeter, s halved for each 5.8 km of vertical
soeEnt,

a, Write a simple exponential equation o express this rle.
Letting I*denote gtmaospheric pressure at altivedey less than B0 K nand b the altitade
in km, we have ]

P o= 105 (/2" g rem?

h. Compute the atmospheric pressure at an altitode of 40 km.

Erom the equation of parf (a),
||'.|'

1035 (/2" afem?
1035 1/29" g/ om’
W3S (0.0084) g/ cm®
= &7 glem®,

€. Finid the altitude at which the pressure i 20 pereent of standard atmospheric
Pressure.,

Substtuting in the couation of part (nhgives (00203 HI35) = (103534 1/2)4 7, where
fris in km, and so {0,2) = (1/27""", Now, taking logarithms.

)
log (0.2) = 5= log {11.5)

and
2 (k2
R
Tog {13

=S8 (2,32 km = 13.5 km

Fhe rule for the vanation of atmosphenc pressure with height which was given in the
previous problem can also be writken

£ = 1035{2) 4
= 1035 {2) P,
Atmospheric scientists often use this rule in one of its equivalent forms where the

base is 1007 e, the base of the natural legarsthms, instead of 2. Find &, and &- so0
Thit: P= 035 T2 ™ = IS (1M = 1035 (e

We need to find & so that 2" = 10" Tuking logarithms, 0.17 log 2=k, or
ky= (0,47 (0,301 = 0,051, For k: we have 2" = eY ar k; = (0.17) log.2
= {017 (a3 = 0,12,



Exponential and Logarithinid Funetions

FROMLEM 3,

Solution:

Sometimes different bases are used togerher in the same application in atmos pheric
work, For example, atmospheric ahsorption of electromagnetic radiation from

the Sun and other sources is dependent on the wavelengths of the incoming radi-
ation. Instruments carried by rockets, halloons, and satellites have shown how

far in the itmosphere such radiation penetrates before being reduced by a facror of
e, the conventional measure used in this work, The results are given in Fig. 6.1,
Both the wavelength scale and the altiade scale are logarithmic, with 1he
honzontil seake in hase 10 and the vertical scale in base 2, (How much of this
information could be displaved wsing lincar scales even on i wall=sized chant?)

Fig. 6.1 shows that visible light and radio waves penetrate the aimosphere com-
pletely and reach Earth’s surface. However, gases such as oxygen, ozone, nitro-
gen, and water vapor absorb most of the infrared, ulteaviolet, M-ray, and shorger
wavelepgihs, Al what sltitude will solar infeared radiation of wavelength 10 Y im be
reduced by a factor of 1/e?

11 I i - L1 Jify® " L nE M Y letigih
— T — T e T —II— T T i ™1 in Metens
o - 4 F. .
4 krm = = T |EE 3 &
= ] E | @5 ; r
il ks z § B (o = g
H = ¥ i
[N} hsm i | =
&) km
|
Wislde Lighi
XMEkm T el
12.5 km |
fi&m i | Earih prafile
I _I.p-’h\.\_h_‘_‘__/__/—"“‘m-/“-"-’_‘
- I e by
B =
Fig. 6.1

The equal intervals on the altitude scale hove length log 2, The ordinate we are
B k;ng. 1 12 1/d of the Wity helwizen |1.1;3' A and |1.|g_ 1000, This means that

log v = log S0 4 _l1|~:|52 “ 1,649 4 _I—Ltll.?-l]lt]}

|69 4+ 0,075 = 1,774

Theny = 10'™ = 50,

I caleulmor with a'y’ key is available, we can solve this problem withowt
actually Finding legarithms, as follows:

= Jog [(30)(1.1589]]

log v = log 50 + _—:ll:'_l.!_- = log I[ﬁu:ur:a-"*

= log 59. Say = 5,

In the foregome problem, we saw how the use of logarithmic scales made it possi-
e o display information over an exiremely large range of values. The next iwo
problems show another use for logarithmic scales; that of fitting a mathematical

function to experimental data.
&9
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FROBLEM 4. “ery high energy particles Lelectrons and provons) are found in the radiation belis of
spme planets (e.g., Earth, Jupiter, Saturn ), and a plot of the number of particles
found an ditferent energies is called a spectrgen. Often the spectrem has o shape
that ¢an be represénted by an equation of the form & = KE™ where A s the
number of particles ol a cenain energy, B K15 0 proportienlity factor; and mis
called the spectral index.

When the spectrum has such a shape, we call it a power-law spectrum, and the
cxperimenter studying such a spectrum wands o know the values of moand K.
Table 6.1 shows values of & measured at several Es during the flight of Piogesr 10
past Jupster. For these dota, find the best value of s and of K (N s really the
number of particles hitting 4 detector per unit time, or the counting rate, which is
why the number can be a fraction. |

Table 6.1
Energy, & Mamber, &
1.1 fh= P
1530 1Li= W
Ut e X .o
1.1 nos = i
|6 (M |I!j_
a5 ke ||
e I
M 1k

Solution: Using logarithms on the expression N = KE™resaltsinlog N = log K + mrlog £, or,
to abtain the form of & hnear eéguation y = me + b, dog ¥ = m log £ + log K.

W can find logarithms for the values of £ and % in the table {oF we can use
tog-lopg graph paper and circumyvent this step ), plot the points. and draw the best
straieht line theough this sel of poimts. Then se will be the slope of the ling, and
K will b dhe watoe of N for which fog £ = 00 (Mote that shis s the vialee thian hes
on the best straight line, and no pecessanily any valueg in the data set )

We observe in Fig. 6.2 that the intercept on the log A& scale is 3.5, Smee log
N =3fwhenlog £ = 0, wehave log K = 3.5, 50 K = 10" = 3200, The points
3.5 =10

T il 1 1

(0 35 o (10,0} are on the best Gt e, soom = T

N = (30 E™



Exponential amd Logarithrmie Functions

PROBLEM 5.

Saalution:

Log N LogE 0. = | T
-
i) ~0.80 | ',f"'rT
[ T el— = r,-‘
41 =023 | f,f‘ |
I8 o | I Y
an [V ] y |
13 045 I I |
kL) 1.4l R 03 mpp—
7 —fn 13 / |
- o I B
= | |
k1 ! P -
—
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-1 log ] ¥ 4 5 6 TREM
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Fig. 6.2 Fig. 6.3

Many of the contrel functions in a space vehicle sysiem are avtomatic, handled
by computers and electronic feedback devices. However, the adaptability and the
decision-maeking ability of human monitors of these systems, whether crew mem-
bers or ground coptrollers, greatly increase the overall effectiveness of mission
control. Because of this, managers of projects in the spiace program have become
interested in some results from psychological studies of human decision making.

Cime such s1udy measured the time it took to respond when faced with varving
numbers of chowees, Experimental cesults are given in the table below, where &
is 1the number of choices presented and & is the reaction time in seconds. Graph

these data on semilogarithmic graph paper with AN on the logarithmic scale {or
graph ® against log,, N if semilog graph paper is not available) and find an empar-
ical expression for reaction time as a function of the number of choices,

M 1 2 3 4 5 fi T B 4 R
047 034 037 042 048 052 056 058 U39 (057

The points are praphed and a “hest fit” ling drawn {se¢ Fig. 6.3). Since the poini
(N, /) = {1,0.17) does lie on this line, we have & = 0.17 + m logeX, To find M,
we ean use the points (1, 10.17) and (9, 0.59), since hoth are on the “best fit” line:

(1L59 = [L17 + #rlogey
40 142 = m (0,954),
0T mo= (0.42)/(0,954) = 044
The reguested celation (5 8 = 0,17 + 0,44 log,,N.

As we have seenin Chapter 4, solar cells, which convert solar energy into elec-
trical energy, can be used (o supply power in space vehicles: Nuclear cnergy
derived from radioactive isolopes is also used. Nuclear encrgy sources gradually
lose power in a manner described by the exponential function. The next problem
illusirites some computations of the avilable power and operational lile of 4
satelline wsang o nuclear power source.

|
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PROBLEM 6. A satellite has a radicisittope power supply, The power output in watts is given by
the equstion

P S
where £is the time in days and e is the base of natural loganthms.
u. How much power will be available at the end of one vear?
Bolution:  Applying the given equation, we have
P S =AM
= Rfjatan
=501 % [}.232
=116
Thus approximately 1.6 watts will be available at the end of one vear.

b. What is the half-life of the power supply? In mther words, how long will it take
for the power to drop 10 hall 1t onginal strength?

Solutisn:  To find thie half-life, we solve the equation

25 = e
for  and obtain
= =
350 I k5
= —(), 693
o= 2500 = (o603

173

Thus the hall-life of the power supply is approximately 173 days. [ Motethat [n .«
is b shorter expressien for log, x. )
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e, The cquipment aboard the satellite requires 10 watts of power 1o operate
properly, What is the operational life of the satellite?

Solution:  Solving the equation

10 = She V="
for fgives
== =1n m
250 &0
=n{l.2
= =],

=250 %1609
ok [
Hence the operationsl ife of the sancllite is 402 doys.

PROBLEM 7. The theory of rocker Mlight shows that the velocity gained by a launch vehicle when
its propellant is burned to depletion is expressed by the equation

R [

where v s the velocity guined by the vehicle during launch:
¢ is the exhaust velocily of the engine:
In A s log K, or the natural logarhm of 7]

takeot! w:i!hi

and & i the mass tatio of the spacecraft, defined by B = TG R

a. The takeoff weight consisis of propellant or fuel, F, structure, 5, and payload,
POAL bormout, assuming all the fucl has been used, the remaining weight is §+ F,
ol [}
s that i = %
10} times the weight of the structuse in order for the vehicle o withstand the
stresses of operation, Show that if £ = 105, then an upper limit for &5 11.

Ao general, the weight of fuel cannot be more than about

. . _FES+P A5 HP
Solution: 16 F = 1Y, then R = S+ 7 S+ P

18 = P - 0p
A+ P

SEFPR |, e

F§+ P

S0 the largest possible value for B s 11, bul we see that in order 1o actually
achicve this value, it is necessary for P ta be (b—am other words, the launch vehicle
could carry no payload!

93
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Solutbivm:

Solution:

b. The minimum altitude for a stable orbit about Earth i abour 160 km, At lower
altitudes, air resistance slows the spacecraft and causes a rapid deterioration of
the orbit, As will be shown in Problem | of Chapter 9, the spacecraft must attain a
velocity of about 7.8 km per second to orbit at 160 km. However, in order to
overcome the retarding effect of Earth’s atmosphere while the spacecraft is
ascending, the total velocity imparted by the launch vehicle must be at least 9.0
km/s. What is the minimum exhaust velocity needed by the rocket engine if

®:=117
SubsTunng v = %0 km/s
and & = 11 in the rocke1 eguation,

2i0kmis=clnll

90 ., 60
4

b

=3.8 km/ 5.

a
=
I

¢, The propellants used for engines such as those of the Delta, Centaur, and
Saturn launch vehicles could produce exhaust velocities averaging at mos 3
km/s, which would not be sufficient 1o achigve erbit. The main engines of the
apace Shuttle vse a mixture of liguid hydrogen and liquid oxygen, which can
produce exhaust velocities of 4.6 km/s. However, in order for the Shuttle to per-
form its tasks and return 10 Earth wicly its erew, 11 has an H-valoe of around 3.5,
Could the Space Shuttle achieve arbit with its mam engines”
If ¢ =46 kmis, and

R =35, then

v =4.61n35km/s

= (460125  kmiy

= 5. HKmss,

which is mot sutficient for orbit,
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PROBLEM 8,

Soluiien:

PFROBLEM %,

It is apperent from the rocket equation that the burnowt veloa iy increases when the
mass ratio increases, We can get a higher mass ratio by using 4 solid propellunt
because the stiff, rubberlike propellant mass serves as part of the structure. 1 no
payload, or @ very small paviead, i< included . o solid-propellant rocket could

have oo mass ratio of abowt 19, A wypical average exhaust velogny for a solid pro-
pellant might be about 1.4 kmi per second. Could this launch vehicle achieve a

160 km Earth orbat?

Using the rocket equation,
p=251n 19 km/s
= (2.4)(2.94]
= 7.1 km/s,
which is much less than that needed for arbt,

The solution tis the problem poanted out in the preceding examples is @0 use stag-
ing. That is, the launch vehicle 1= divided into 1wo or more parns, o1 stiges. As
soon as the propellant has been burned in the Tirst stage, there is a brief coast
during which the heavy motors and structure in the first stage are jettisoned and
permitied 1o fall into the ocean. Freed from this deadweight, the second-stage
mstars are much more effective: the same procedure is repeated for the remain-
ing sLapes.

Let us design a two-stiage vehicle to place o pavload inte Earth orbit, We shall make
some simplifying assumptions to make this problem easier while preserving the
basic ides: {17 the strugture weight of each stage 15 10 percent of the Tuel weight,
the femaining weight being payload; (2] the gainin velocity is divided cqually
among the stages, egch contributing 4.5 km/s 1o the required final velocity of 9.0
ki /s; (3} all stages use the same propellant with an exhaust velocity of 3.7 km/s.
This third assumption is generally not teae i practice—Ilor example, the Space
Shiurtle uses solid rocket boosters in addition 10 the main engines—but our goal
here is tir see how staging works. For the sake of having o numericil example, we
shall also nssume thin the otal weight at lifeeff s 5.0/ = 1F kg, For this numerical
example. determine the weight of fucl to be carried by cach stage. the structural
weight of each stage. and the weight of the orbital payload.
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Solation:  Let Fy, 5, Py represent fuel, structure, and pavioad weight, respectively, of the first
stage, and Fy, X, and P, those of the second stage. Since the “payload” of the
first stage includes the entire second stage and the orbital payload,

Pl_ = F:| T ..;:l + P:.

First stnge: v =rln K,
4.5=3.7In K,
4.5
e 2
In A, 17 1.22
Ry =¢'# =34
Fi+8+P 50xur
- - - = 3.4
S0 S+ P St B
5.0 ¥
Then 5+ P “J_f;i_]'l:‘ = 1.5 = ' kg
sl Fi=(5.0=1.5) 10t = 3.5 % 10" k.

By assumption 1, 8§ = 0,10 (3.5 % 10" = 3.5 = 1V kg,
Then Pi=15= 100 =35x 10F = 1.15 = 10° kg,

Second stage:  We agam have, from the rocket equation.

45=37In K.,
S0 H:a=13.4

115 > 10
Alsa, R L

50 L Pl ,F:
Then Gy Py XMy s
34

Therefore, Fo=105n WP =34 % [P =8.1 =10 kg

=000 (8.1 = 10 = 0.8 = 10V ke

o= {34 -08)=1lMkpg=26= 10 kg

et



Exponential and Laparithmee Funetions

PROBLEM 10,

Solutiomn:

PROBLEM 11,

Saslulion:

Cour design for the two=stage launch vehicle may be checked as follows:

Weight of fuet: kg x 1
TR oot e ik ik 350
P e = - 821
Taazal ! £ ; AL |

Weight of struciure:

5 = S e B S A B 3.5
5 . . : van et .8
Terkal i 4.3
Weight of orbital payload 000000000 )
Total weight of vehicle, . ..o S00=3.0x 10"kg

Thus, although the single-stage lounch vehicle discussed in Problem 7 could not
place any payload j:!'ll-:] orbit. this two-stage vehicle can place nearly 5 percent of
itz weight into Esrth orbit.

Show that when all stages uie the same propellant, the total mass ratioof a multiple-
stage launch vehicle is equal (o the product of the individual mass ratios.

Indicate the burnout velocities and mass ratios of the first, second. third stages, and
sovomn, by the subseripts 1. 2, 3, snd 50 on. Then. using a three-stage vehicle as an
example,
it m=cin®f Feln 8-+ ¢ n &

= (o &+ o B+ dn 8y

=7 IDE_-I_HIE:RI:'
{ Note: Moking the structure stronger 2o that it can support birge pavloads reduces
the mass ritiod. However, if we have several stages, the total mass Tatic can

become very high, producing much greater performance. |

Llsing the equation derved in Problem 9, show that the launch vehicle constructed
in Problem B can andeed arhit its pavioad.

Chiven RiR:={341(34)=11.56
¥ =27 log11.56
= 3. T(2.45)
=006 km/'s
The luunch vehicle will imparce sulficient veloaty 1o overcome drag losses and

imsert the paylisad inte g Lol-km Earth orbin, Note that dividing the launch
viehicke into stages increases the overall mass ratio o 156

u7



 TRIGONOMETRY

JRECEDING PAGE BLANK NMOT FILAT

CAnse-up vew of (e Bd-mestar radcking
aneenna of ihe Deep Space Metwork located
at Goldsiona, Caslormia



Chapter Seven

10

PROBLEM 1,

ngle measurements and the tngonometnic analysis of such measurements ars

used extensively in space science. Among the examples we shall consider

herd are some invobving transformations between terrestrial (or celestial} and
spacecraft coordinate systems, o variety of photogrimmetric corrections. and the
tracking of spacecraft from stations on Earth,

A conventional righi-handed three-dimensional spaceeraft coordinaie svsiem is
shown in Fig. 7.1. The angular motions af the spacecralt with fespect to the x-,

¥e, and z-axes respectively are called wodl, pitck, and vaw, shown in Fig. 7.1 by

curved arrows, We thall develop the transformations between this cobrdinate
sVS1Em in & moving spacecraft and o reference coordimate system whose origin
coincides with the one in the diagram but does not undergo rotation. Here, we
shall consider a single rotation at a time. In Chapter 8, “Matrix Algebra,"" we shall
investigate a series of such rotations,

When the spacecraft performs a rodation, the réference svstem remans fixed, bul
the spacecraft coprdinate system underpoes the same rotation as the spacecrafy

1f the point ) has coordinates (x, v. 2) in the reference sysiem, we peed to find its
coordinates in the spacecraft system afier such a rotation tukes place. Let us
comsider each of the monons rall, pil_l_"ll._ and yiw separately

2. Let the spacecralt coordinate systeminitially coincide with the reference sys-
tem. and let the speeecralt undergo roll through angle K. Express the coordi-
mates (L, Vi, sed ol point O on the spacecralt i werms of (x, v, 2) and K after this
mation is performed

3 - — 1]
‘““x,_ -'". 4 Ry, = “'-._L
e Ky -, il |l
o _E\K::Jr lI| _.-"'.- .-"'-.- R
o e i S Y - ..-'" A
R — "'\-\.-\._H-\H“l..‘c-\" I Fi y
e e "H:i:- . = f-f L]
e L \\Y:H 0 e
e e 2
— o I ) 'Fll.l” H-R.- 3 1
l'-T""'-r -\"'\-\.\__ . _ X
"'.-"'-,I | _‘w} hr‘?.
i ! L

Fig. 7.1 L%

Sinee the roll isaround the -axis, the x-coordinate of Oos the same in both systems:
Ty = X Mow consider the plane parallel t the v-z planeg, which contains G, The
rall moves (o0’ asshown in Fig, 7.2, Lot e = 00 = OO and ler AY0O0 = @,
Then Y00 = § — RO has coordinates (v, 2)in the reference system, where

Y =raos il i= r=nt



Trigonometry

Solution:

Solutien:

In the spacecraft system, Q" has coordinates { vu, ox)
where ¥e = rcos(f = R) and = rsin(e—= R)
Expanding the sine and cosine of this difference resultsin
¥ =rcos#cos B + rsin @sin R = y¢os R + rsinR
g = rsindcos B — roos @sin R = zoos B — ysin R

b. Find the comparable transformations if the rotation is either a pitch through
an angle P or a yaw through an angle ¥.

For a pirch rotation, this takes place around the y-axis, 5o if the coordinates in the
spacecraft system are (xp, yp. Zp), we have yo = . We next consider a plane

paraliel to the x-z plane, and the analysis will be just ad in part (a) with v replaced
by z, r replaced by x. and £ R replaced by £ P, resulting inxy = xeos I — 1 6in
Pozp=zoos P+ rsn P

A vew rotation takes place around the z-axis, so0if the coordinates in the space-
craft system are (xy, yy. ov), we have 24 = 2, now we consider a plane parallel o
the x-y plane, and this time the analysis is just a5 in part {a), with ¥ replaced by x.
zrepluced by v, and LR replaced by 2 ¥, The result is xy = xcos ¥ + ysin F;

vy = veos Y — xain ¥, (We note thas the right-handed system dictaies that a
positive angle of rotation 1ake place so that the eyclic order x v  x is maintained )

¢. An Earth-based compuler moninoring the coordinates of Jupiter in Vivager's
reference frame recorded Jupiter at (2.03, —2.81, 0.336) (in units equivalent

to 10F km ) at ope point. IT Veyager had performed a yaw rotation of 28° just prior
to this resding, what were Jopiter’s coordinates in the spacecraft

coordinate system?

Listng {&°, ¥', 2') for the spacecrait coordinute sysiem;:

' = xcos 287 + yun 28°

2.03 cos 28° — 2.81 sin 28"

471

e
1]

— x 5in 28 + poeos IR

[]

=203 gin 28" — 2.8l cog 28°

—-3.43

1
=
s

r =133

S0 the coordinates were (0,473, =343, 0,336} i these umits,

We next caleulate the length of some of the latitude circles on Earth,

i1
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PROBLEM 2.

Solutbon:

Solution:

Solution:

102

Although Earth is not really a sphere, it can be treated as though it were sphenical
for many purposes.

#. Show that the length of any parallel of lantude around Earth is equal to the
efjuatorial distance around Earth times the cosine of the lattude angle (see
Fig. 724 of we assume & spherical shape for Earth.

—
_,-"'--d-_'_ _"m.____-
£ S
e 1
Illr \{'\ 'l.ll
| i =
!
|
H‘*. J
\ ~
-
1-1.:. 7.3

By the definition of the cosine function, cos i = £/ R, orr = R 08 8 The length
of the parallel of latitude 1= 5 C denotes the equatorial ciccumference of
Eurth, then
Cp = TmT
= IuR cosd
= {5 oo
by Find the length of the M0 parallel, north or south lativude, Use B = 6406 ki,
Applying the formula for the length of a parallel of latitude derived in part (o) gives
= (6l km) (cos MF)
= {(BADD k) (0. 86RY
= 535001 km.
e. Petermine the length of the Arctic Circle (66°33 N

Using the formula from part {a). the length is

L = 1 km ) {oos 66733 )

[0 ko ) 0h 39 )

2500 km.
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Solution:

PROBLEM 3.

Solution:

d. How far 156 “arcund the world” along the parallel of 307 north latitude?
Uszing the result of part (a), the distance is

Cp = (6400 km ) (vos 8F)

(6400 km ) (01737}

LHH km.

Two tracking stations s miles apart measure the elevation angle of a weather halloon
Lo b o and 3, respectively (Fig, 7.4), Derive i [ormula [er the altitude 2 of the
balloon in terms of the angles o and @ [gnore Earth's curvature.

____-"" £
- it
e A
.-""-. ! :p.
ol r
-~ 1
- / i
{ 1
a-""i:r. "{‘\'\"E i
Co A

Wnting an equation for the cotangent of each angle and sclving for x gives

CREaE
colar =
h

= hiota — 38

anid

cal 3 =§

x = hcot g
Mow the two expressions for © are equated;

heotm — 5= heotfi
51
B{col o = ool )] = 3
andd

.

N s
cola = ool 3

L3
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PROBLEM 4.

Solutlon:

A satellite traveling in & cireular orbit 1600 km above Earth is duc to pass directly
over o tracking station ot noon, Assume that the sarelloe tikes two hours 1o make
an orbit and that the radius of Earth is 6400 km.

a, If the tracking antenna is aimed 3 above the horizon, at what time will the
satellive pass through the beam of the antenna? (See Fig. 7.5.)

T ] ,
Station — _H:"-: A Satelkile
o === h‘h.
__,-"" e | . ur b
’ i = =3 %
/ hddkl ,-" iz M\H
L8 VR
I|'||II Ill II
Fig. 7.5 ' | |

In the tnangle formed by the station, the satellite. and the center of Earth, 3 = [ 2P
From thie law ob sings,

Sillee STl

G400 KOOD
SL dF = n% = (h.ou3,
Then
=44
anid
B = 180" — [14F + 44" = 167

The time between

™
1

] Sk 5
=1l ! .l
16" and B = 1L4F i Wi | E200 mom)

5.3 min.

This means that the satellite will pass through the beam of the antenns at
12:00 — 5.3 minutes: or 11:54.7 &.m.



Solutisn:  Compuoting angle g gives

Trigonomeairy

b. Find the distance hetween the satellite and the tracking staton at 12:03 p.m.

By the law of cosines,

w2 = (G400 + (RO00Y — 2600 (BOOO) cos 9°
= (400,96 + Hd — 10114} = 1" km?

= 142 = 10Ff km*

o= |0 P = 240 % 1P km,
We have found that the distance between the satellite and the tracking station is
2000 km (ro bwa significant figureskat 12:03 pom

¢. At what angle above the horizon should the antenna be pointed so that ins
peam will intercept the sateilite at 12203 p.m.” (See Fig. 7.6.)

1203 p.m '—1 it
, --'"’:"‘ MW
.-"". 1 | - hy
- o= ——— R
.-"-- ¥ = T
~ | o,
_,.-"' |
P RINHD | B,
e L
ol | \.\" \"‘.
I'r-'H = AH b LY
\ "'. \
|| | |
1
1
Fig- 7.8

Selution:  Again, applying the lew of sines,

1:n:s_|"' _ Sim {y+ T
200Mk

B0

i {400 = giL:“;; 5in 9 = 0.626

Cos y = [h 626

y =51,
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PROBLEM 5.

Solution:

Twe of NASA's tracking stations are located near the equator; one isin Ethiopia, at
¥ east longitude. another near Owuito, Ecuador, at 78" west longitude. Assume
both stations. represented by E and Qoan Fig. 7.7 are on the equator and that the
radiuz of Earth s 6380 km. A satellite in orbit over the equater s ohserved st the
same mstant from both fracking statons, The angles of elevation above the hori-
zom are 57 from Cuito-and 10° from Ethiopia. Find the distance of the satellite

from Earth at the instant of observation.

In Fig. 7.7. QQ = OF = OF = 6380 km: £0QQE = the longitude difference of the
two stations, £0 JO0E = 78" = (=40f) = 115, Since AQED % isosceles.

L00E = LOEQ = é[[Hfl'— 118%) = 3"

Further, since the horizon is perpendicular 1o the radius, < SOE = 5° + (com-
plement of LEQQ) = 3" + S = 64° and LSEQ = W + {complement of
LECH = I &£ 5= 60 Also, AO05E = [BF — (64" + 69 = 47°, These nmghes
are all shown i Fig. 7.7, We are looking for the distance SP. If we can determine
05, then 5F = 08 — GF = 08 — 5380 k. We note that O5 i not an angle hise-
tor for either ZOOE or 2 SE. so we must use gn indirect method 10 find 05,

QE N T.ZIE__
sin 118 sm3l®’

We can evaluste OF from

= |.(Hd = 1P km:

QE = sin 317
then
s SE_ QE
A o e~ dnaT
Lm0 Q0 sin64°

HE = ——————— = .34 = HF km;
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N
08 = VIOEY + {8EF - 2{OE}(SE) cos LOES
= V638 » WY + (£.34 x WPY — (2)(6:38 = 107)(1.34 x 10%)cos 10K°
= 1PVALTO + 119.68 + 24.24
= 1°V249.62 = 1.58 * 10" km,
S

SP = 13800 — A4 = SN km.

Although the Sun is more than a hundred times as large as Earth. as we noted in
the first probiem of Chapter 4, it subtends an angle of only shout halta degree in
the sky as viewed from Earth. In the next problem, we consider some aspects of

the observation of sunspois

PROBLEM 6.  a. Find the angular separation between two large sunspots when viewed from Earth
{or Earth orbit] if they are separated by 3iF m longitude along the Sun’s equator.
Clonsider Two cases:

1. A time when the madpoint hetween the spots s on the center of the visible disc
of the Sun;

2. A tme abowt a week later when the Sun has rotited <o that the leading spot is
just about to go over the Sun’s limb {edge ],

Becatl that the Earth-Sun distance 15 1.3 % 10" km. The radivs of the Sun s

7.0 = 16F km. In the first case it will help, and in the second it will be necessary,
tormake # suitable approximation (Fig. 7.8).

o
) '//-- *_ﬁx&
C -"-q..|_||_ |! ___:__-"n I. T | 1 |
\\"‘l

e e

a1} Sun's Motaton J‘;xiJ—
T ¥"E:—____ Phatograpihic
/— E S W Surrpls
{ I 'H_______:——_h—‘:h—-_
_—\__=q
L T = 2
| /r'.
\__-P“"'
Case 2]
Flg. 7.%

17
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Solution:  Case 1. In the edge-on drawing shown above we have:
CD = Earth-Sun distance = 1.5 = 1P km
CA = CB = radius of Sun = 7.0 « 10° km
LABC = 30F and CD bisects . ACH

Let AE be the perpendicular from A to CD and let / be its length.

Then
CE = hcot LACE;
ED = ficot LADE;
and
ft = Chosin ZACE,
iy
CDr=CE + ED
= heot LACE + heoot £ADE
= CAsin LACE cot £ACE 4+ CA sin A ACE cot £ ADE,
Then
cot £ ADE = CD - CAsin £ ACE cot £ ACE _ €D = CA cos LACE

CAsin ZACE CA sin A ACE

1.5 = 10F = 7.0 = 10" cos 157
7.0 % 107 sin 15°

_ LS H 1P =0 % 107 % 0.97
T.0 = 10° = 0.26

_1.5=x 1F — 6.8 = m*= .5 = 1P
1.8 = 10" 1.8 = W@

= [1LB2 = 10",

ZADE = areol 0,82 = 10° = 0,070 so the angular separation hetween the
sunspots = 1 2 ADE = (,14%, A simpler solution can be foand if we approximate
AD by saying AD = CI. Now we can use the law of sines:

CA__ _ __AD
sin LADC  sin LACDT

10
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i

Solution:

then
o L R, _CA
sin LADC = oD sin LACDH = D s L ACD
g s
]ﬂ—-—-—j = ][I"'Em 159 = 4.7 = 107" = .26
=1 T
anl s

LADC = Q.07 and fADE =2 ZADC = 0,13°%

Case 2, There is more than one way to solve this, bual we present just one
aolution and use an approximation. In the drawing for Case 2 (see Fig. 7.8],
constiuct the perpendicular AE from A to BC. For the appreximation, we shall
use tan £ADB = % In S3AEC, cos £ ACE = %-w CE = CA cog LACE =
7.0 % 10" cos 30° = 7.0 = 10F = 087 = 6.1 = 10" km.

Then EB =CB - CE = 7.0 = 10" = 6.1 = 10F = 0.9 = 10° = 9 » 1M km.

R

Mow. from our approximation, tan LADE = TR,

= fy ® 1F*, giving the
angulor separation ZADB = (,036°,

b. The unaided eye can distinguish a sunspot if it 15 1.5 minutes of arc, or 0,023
degrees, across. Sunspot sizes are uswally measured in units of 0.001 of the Sun’s
arex. What is the minimum size of sunspot that can be scen without a telescope?

Sun’s area = 4nr? = du(7.0 = 105 km? = 196w = 10" km", Since 1 sunspot
umit = 107" of the Sun's area, we have 1 sunspot unit = 196w % 107 km?.
Now if we assume thal we have a sunspot that is approximately & disc sub-
tending an angle of (1025 at Earth, we see from Fig. 7.9 that the disc has

radius = {Earth-Sun distance) = sau[?-“;ﬁ ].|

=15x10F 2.2 % 10t km =33 % 1lFkm.

-Earib-Sun Line
—
Samnspot — ———
Iiaimeiens :l _I.—'—'_'_'=-=-_
| e 7"
& P ==

Fig. 7.9
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such a disc has area {33 = 100 km*

| sunspot unit

AT 5 10 e % . :
T R R e T

_ 1089 x 1

— SLNSDOL Umits
106 = 10 P '

]

55 sunspol units,

Hisrorical note: Yery Tew sunspots exceed an angulin diameter of 1.5 minutes of
arc. Normally. the Sun is too dazeling to permit an observation of such @ sunspot
by the unaided eye; however, il the Sun is low on the horizon and shines through
a thick hage, sunspots can be observed. Pretelescopic sunspol observalions have
been recorded by Chinese and Japanese viewers, (Caution: Never look directly at
the Sunh

The photographic scale factor for vertical aerial photographs was developed in
Problem 7 of Chapter 4, We now consider the situation when the camera is tilied
0 that the film is not parallel to the ground. The result of such tilting s shown in
Fig. 7.10, where the broken lines represent a square grid as it would appear in a
vertical photograph and the solid lines show the actual image on a tiled photo-
graph. (This is sometimes called the “keystone effect.”) In order 1o use the
photograph to produce an undistorted picture, numerical relationships must he
established between the actual shapes and their photographic images,

Awnaf 1l -"‘\

Fig. .10 Fig. 701

PROBLEM 7. Fig. 711 shows the geometry of the configurition, where the camera is located at
Mis the nadir, ¥ is the photographic nadir point, P iz the image of ground point
A and ¢ s the tilt angle of the film (the acute angle made by the film with the
horizontal). If CT 1s the normal from the camera to the film, CT = §, the focal
length of the camera, UN = H s the height of the camera above the ground, which
we assume 10 be level, Tt s customary in this work to use the film positive ™ OW
instedad of the “negative™ PY. This is obtained by choosing W on CN and Q on CA
s0 that CW = CV and CQ = CP, We let R be the point on the film positive so
that CR 15 normal o the film.
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Trnigonomeiry

a. Let #be the angle made by the ling from the camera to the ground point A with
respect to the vertical, where 8 > 0if O and R are on the same side of CN and

# < 0f they are on opposite sides of CN (8 = £ NCO), Express the ratio of the
length of the image Wi to the length Of NA interms of 8, &, f. and M for the case
wherpe § == 1.

Solution:  From the geometry, we see that since CR 1 WO, ANCR = AVOT = rand

OW _OR <+« RW _fun(# — ~ ftant
AN AN H tan #

F (an & = tan 1)
1 + tan & tan 1
Hwn @

+ f1any

ftan® — frany + f1ans + [ tan @ tan' s
Htan ®@ |1 + tan & tan 1)

= fran # (L + o'y
H owun & {1 + 1an & tamn ()

ow_ filtan'y
AN M1 + tan & tan 1)

b. Show thatif © = O {untilted camera) or r = 0 {camera aimed at point A}, then
ow._ I
AN M
vertical photograph. |

. (Recall from Problem 7 of Chaprer 4 that this is the scale facior of a

Soluthom:  For ¢ = 0, tan ¢ = 0 and the resull follows. For ¢ = & the second factor in the
denominator becomes (1 + tan® fl, which cancels, and the result follows,

¢. Show that the result of part (a) still applies for the cases where O is between
W and R (Fig. 7.12} and where O is on the side of CM that dees not conain B
(Fig. 7.13). taking into considieration the sign of 8,

= Fag. 7.12 : Fig. 7,13
-~ '
i i
I I'f* I
4 d
A
Y o -
i r'.",'
s
—_ - - - #  —
b & Y b
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Chapter Seven

Solutiem: 070 s between Woand B, then

oW _BW-—RQ _ftant — ftan {1 — @)
AN AN

H 1an &

_ . filt 'y
Ml + o @ tanry

If € is as shown in Fig, 7.1}, then @ is negative, and the positive value of the
angle in the diagriom 1= (- 6).

S

OW _QR-RW fran((=®+¢)-ftan:
AN AN M tun { —H}
franfr —f) —frant __ f(l+ w5
=M tan

H il +twant tan #
Note that this implies (since @ is negative in the last case ) that points on the

“down™ side of the hlm will have their images “stretched out.” whereas poins
o the “up™ side (ol least those for which & == 1) will have their images "shrunk, "

d. Fig. 7. 10showed a paint | {called the isocenter) at which there is no distortion
in the scale of the tlted photograph. Show that 1is the point of intersection of

the bisector of LNCR in Fig. 7. 11 with the film positive QW by ¢stablishing that »
vertical photograph taken with the camera in its position at C would contain the
point 1.
Salution:

The bisector of ZNCR s shown in Fig, 7.14. along with a horizontal through | that
intersects CN at Y. Since CN is vertical and 1Y bs horizontal, 2CY1isa night

angle. Triangles CY1 and CRI have corresponding angles equal and share side €1
and are therefore congruent. Since CY = CR = [, a vertical photographic posi-

tive and the actual photograph positive from the same camern position © both
cottam the poant 1

.1|
e I|I
§ ; {
___;H.':'l . I
| S '
.'"x% I'.
'l.l i II
% ) H—
) | i
- A%
Fig, 7.14

Feg. T.15



Trigonametry

PROBLEM 5.

Soluthon:

In Problem 8 of Chapter 4 we developed a formula to correct an aerial photograph
for distortion due 10 Earth’s curvature, The distortion occurs because the camers
cannot distingoish how far away &n ohject is—it has po “depth perception.” For
aerial photography, the picture is interpreted as though evervihing is in the plane
tangent to Earth at the nadir: i satetlie photagraphy, &5 we shall see in Problem 3,
pictures will be interpreted (unless corrected ) as though cverything is in the
horizon plane sensed by the satellite,

Depth perception in humans has two aspects, called monoscopic and stereascapmic.
Monoscopic judgments of distance use only one eve and are haged on an inter-
pretation of relative sizes of objects, shadows. hidden portions of objects, and
other attributes of this type: such judgments are very rousgh and frequently fail
Stereascopic judgments of distance use both eves and are quite accurate in midsl
peaple. Stereoscopic judgment depends on the physical separation of the eyes.
which causes an object to be viewed at o different angle by each eye, as shown in
Fig, 7.15. The angle subtended by the “eye base' (the distance LR where L is

the left eye and R the right) at the object O is called the parallactic amgle: 1t is
evident that the closer the object, the larger the paralfactic angle,

The smallest parallactic angle discermble by human eyes 15 aboul 11025, and the
average adult cves are spaced about 6.5 cm apart. What is the largest distance at
which the average adult can judge depth™

Let d be the distance of 0 from LR in Fig. 7.15. We present two methods of solution,
The first uses the fact that

tan (5 2LOR] = (LR /dsod = (0.0325) 1an() 0125°) m

= |5(rm.

Eor another approach, we may approximate LR as an arc of 4 circle with radius
whete LR subtends anangle # = 0,025% If #isin radians. then LR = # - d. 50

g
g = 0.00% = LI:IL'I!TI: — 0,004 Taidd ind thereforé
D08
4= e 1 1530 m.

Satellites such as the Landsats, Seavat, and the Syachronows Meteorological Satellines
(SMS-1 and -2) have made it possible 10 spudy Earth and its oCcans, resources,

and weather patterns as never before. They huve returned ohservations and data
that are being used by hotanists, peologisls, pceanographers, and meteorologists,
among others, in numerous projects. [o cite Just two exam ples, Londinr obscrva-
tions have heen used in the assessment of soil moisture in agricultural ficlds. and
SIS abservations have been useful in predicling severc storms.
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Chapter Seven

PROBLEM 9. A spacecraft at a distance & from Earth in synchronous orbit can see only o portion
of Earth's surface. as illustrated in Fig. 7.16, The circle that isthe boundary of
this spherical "cap” will be called the harfzon circle, and the spacecraft has sensoes
that can récognize this horizon.

Although every spacecralt uses its horizon sensors 10 find its angular direction
with respect 1o Earth’s center, those satellites whose purpose is 1o ohserve Earth
can also use this angle messurement to determine the size of the spherical cap
that can be observied,

In Fig. 7.17. 5 & the position of the spacecraft, C is the center of Euarth, His a
paint on the harizon circle seen by the spacecraft, P s the subsatellite poini

on Earth (the imersection of Earth™s surface with the line from Farth's center ta
the satellite ), and O is the cenier of the horizon circle. We have SP = & and

CH = CP = r, the radius of Earth. pis the angular separation of the horizon seen
By the spacecrafi from Earth’s center, and A is the angle subtended at Earth's
center by the radies ol the horizon cirele,

Fig. 7.16

.. Find the relationships among p, A, b, and r,

F
F+h

Solutiont  Since ASHC has aright angle at H. sin p = ¢os 4 =

b. Listed below are some Earth-observing satellites and their perigee or apogee
distances from Earth, For each. find the angular radius {4) of the horieon circle
seen by the spacecraft. (Earth®s radius is 6378 km. )

Lol X Slhkm {apoges| ) I km [pengee)
Neasal THEm (apogee) L P30 km (apogee)
NMS-2 G0 km (2pogee)

(OGO s the Crrbaring Geophviical (hhagrvatory. )
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Trignpometry

Soplution:

Solution;

Using A = cos '[ﬁ :I for Lamdsa? 2 we have
6‘3%:' = g | [ILET4) = 297,

Similarly, we get angular radii of 27°, 81°, 167, and 87 [or the remaining
cases, respectively.

= |::I::|5"'|Il

¢. 1f a satellite sees a horzon circle of angular radius 30°, what is its distance
from Earth?

H3ATH
3 =938 _ _ 5 gsen
cirs 5l e384+ A
e 0376(1 — U.0000} ST km (1o the nesrest kmh

0 860

In observing Earth from space using spacecraft sensors, distortions are I'l_'lntr'i."i.lll-‘.-".'d
because of Earth's spherical shape. For example, suppose a thick black hine is
painted along the equator, the 10 parailel of latitude, and the SU° and 907 west
meridians of longitude as shown in Fig. 7.18(a ). Uncorrected observations ol this
“rectangle’” would appear as shown in Fig. 7.18(b} The dizgram in Fig. 7.1 illus-
trates how this distortion comes about, Although spacecraft sensors cian measure
the angle at which point R on Earth ss observed, they cannot measure the distance
to B—all ohservations are interpreted as though lving in the same plane, so the
imape of R is treated as though itwere at R, in the plane of the horizon circle.

Hirsndn Ttk
Ceslei al
Lt IF
Longiiade 7IF Wes
Al Badios 51

11V Latiliide

17 =
teh';"ﬁ"-.'."f._,. _|H" —: : l'r-
':“-'.i 'l # I
‘I #_ﬂ_ L= s
s I | | o s
1 __J. f !
] (Li1]
Fig. 7.1
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LI6

Solution:

Sodution:

The data can be corrected by the spacecralt’s computers so that the information
relayed 1o Earth is distortion=free, The actual computer program that does the
correction depends alse on the particular hardwire of the sensors, but the first step
in the correction 1% to express the relationship among the angle of observation of

R (£a), the angular deviation of R from the line joining Earth's center to the
satellite (£ 8), and the angle of observation of the horizon (2 ), Since @ and p

cin be measured, the computer cin then find 8 for the proper mapping of R.

d. Show that the relationship linking e, @, and pis given by

KTk o Sin
1_:“'!" = _P—ﬂ
I —sin peos g

In Fig. 7,09, 0 T 15 the foot of the perpendicular from R 1o C8, then
0 SRR WS rosm 3

A s CS—CT (r+h) =~ roosp
r .
_ rihf"d_n'tr_._ sin g sin @
i cos # I —4in poos @&

Flg. 719

e. Il the spacecraft sensors measure 2 pas 307 and o point R is observed 4l an
angle o 157 from the subsatellite point. what is the actual angular displacement of
R from the subsatelisne point with respect to Earth’s center?

We have-£p = W, Lo = 2F, und we are seeking £8.

sin A" sin 3
I'— sin 30F cos B

From the [ast equation, tan 25° =

&0

{5 =ip 4
hddty = ———
" | — (L5} cos @

. —Sng
d—eos B
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PROBLEM 10,

then o
(0.466)" = 7 B g

~decos 8 +cos B

i = o5’
(217 = T
2 4 —dcos § + cas 8

Clearing fractions gives 0,868 — 0.868 cos g + 0.217 coal f{ = | — cos® 8, and col-
lecting terms gives 1,217 cos’ 8 — 0868 cos g — 0,132 =1

Then
+ V[ —{L.R6R) - 2171 (0,11
CME=EJ.REHE'- (-0 R6EF — 4(1.217)(—0.132)
2{1.217)
_ 0868 * 139
243K G

Since we know that | 8 | < 907, we discard the negative root, and so

2. M50

Tqag o4l

cos [§o=

£=13248 =33,

We have already seen in Fig. 2.2 of Chapter 2 that the celestial coordmate system
uses angles of declination and right ascension in a manner analogous to the
latitude and longitade angles of the coordinate system of Earth. We now compare
the three-dimensional spherical ecordinate system commonly used in mathe-
mitics with the one generally used in astronomy and space science,

Texts in analytic geometry or caleulus with analytic geometry usual Iy define a
spherical cogrdinate system so that if for Pip, 8, 41 we let O be the foot of the
perpendicular from P to the x-y plane (Fig. 7.200, then

the distance OP.p =1

the angle made by OO0 with the positive £-axis. the positive
angular direction being a rotation from QX raward O,
0=¢§<2m

¢ = the angle made by OF with the z-axis, with the positive angular
direction being away from OZ, 0 = & = 7.

i

!

I
t
1

Fig, 7.20 & Fig. 7.21 7

b
L b s
- ¥ EFJ&/J: —
F h_\_EFH.H | : F
4 .
& S |
5ol - S 1
e 0



Chapier Seven

In this system, as the reader may verily, the tramsformation between (x, v, 2 and
(g, #, &) are as follows;

psin ¢ cos i p={xt+ p* 4 24)2

3

-
]

Vo= pain s B il

[arctam (¥ /1]

J3 A o ih

bd

(L
arceos | 2/ (% + ¥+ z92)
LY . y

In the spherical coordinate system used by astronomers and space scigéntists. if P
has coordinates (r, 6, w) and CF is the foot of the perpendicalar from P 1o the 1-v
plane (Fig. 7.21) then

r = the distance OF.r =0

A

the angle made by OF with OO0, the positive angular direction
being from 00 toward the positive z-axis,

|
bl 2
I
=5
]
B

a. = the angle made by O0Q with the positive x -axis, the positive
angular direction being a rotation from OX toward OF,
=g <2m

Drevelop the transformations from (e, & o) to (1, v, 2],

Solution: From the defimitions, it s evident tha

S0 we have

X = pEindgcosf = J'ﬁi.nl:l

ralz

— & cos o = reos fioosa

¥ = psindanf = r:-i|1'|.|3,,T £ E:l.liinn = reosdosin a

=]

=pm5q5--rn:m:l:§—|5| = r&in

(Recall that &5 the declination and & the nght ascensionin the celesual
cisnrdinate system. |
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PROBLEM 11.

Solution:

Sqluntbom:

On March 5. 1974, the spacecraft Voyager I passed ¢lose to the Javian moon lo. This
¢lose encounter took place just after Vovager 's closest radial approach to Jupiter.
which oceurred at about noon on that day, If we set up o Cartesian coordinate
system centered at Jupiter with the x-y plane as lo's orbital plane and the
Jupiter-to-Sun vector as the positive x-axis {see Fig. 7.22), then Voyager's
spherical eoordinates athy, = 13 hourswerer = 50, 8 = -5 and & = 117

{ We measure lengths in units of Jovien radii, By, where 1 £, = 70 (HFEm.

The spherical coordimate system used here is the one defined in the

previcus problem.)

loartni

I = Jum
X k-. 1,

Woals

Vioaln

e | nl

Fig. 7.22

a. What was the Vovager's rudial distanee from Jupiter in kmoat = 13 hoors?
Fow S 0R)= 534 = TR ke = 3300000 Ky

b. What were its Cartestan (x, v, zj coordinates in the system defined above?

¥ =5 0cos (=50 cos (127) = =30R)

y= 80008 [ =50} sin (127%) = 4.0,

= 5 0sm (=50 = —044 §

Theee hours Inter, ot ¢ = 1A hours, its eoordimates were

r=65 F= =19 = 168

&)
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120

Sulution:

Solutbon:

Sl utinn:

e, What were Vopager's Carteston coordinates at ¢, = 16 hours?
=083 ¢os (19 cos {166 = 6.3 1

6.5 co5 [ — L9 sin | LA™Y — 1.6 R

-
1]

e

BFsini=19)=-0.22RK,

As you can sec. i the interval Vovager has moved away from Jupiter in the anti-
sun direction (ifs L -coordinate has become more negative), toward the Sun-
Jupiter line (its v -coordinate has decreased). and it has moved toward lo's orbital
plane (its z-coordinate has decreased m abolute value).

It wie assume that Vovager's Cartesian coordinates change hinearly with time
between ¢ and 1, this means that we assume that Voyager has constant velocity
compaments in the x, v, and 2 ditectons

d. Under this assumption, whiat are Vovager s velocity components m the x. v,
and z directions?

e B B PR ST e
Pr = !: o= II|I = ]ﬁ = H- s _I IH]I'I'I-

= 1.1 = TN km{h = 77000 km/h

F Vi LE-(40)y ol .-
Vo=t =t = Te=i3 -~ ~U8Ri/h = 36000 km/h

v o =5 =022~ (0.4
! f| = Iy IF' = ]3

= (L0733 R)/h= %100 ken/h
e. Under the assumption that Veveger's Cartesian coordinates vary linearly with
time, find expressions for o (0, v (¢, and z (1),

Sincex = .ap + Vot = &), we havex = =30 — L1 (r — n). Sirmlarly,

¥y =40 -08( —rn)andz = —0.44 + 0.073 (1 = t,). While Vovager was
mowving. [o had been prﬂg:cﬁﬁing if tsarhil. Consider 1o's orbit o be a circle of
radhus r = 5.9 .und recall that in this coordinate svitem, lo's § equals 0 ar all
times, Atg = 13 hours on 3 March, lo's phase angle o was 1397,

f. This phase angle is a lingar function of time. Knowing that 1o's orbital period 15
42,5 howrs (ie. it tukes 1o 42,5 hours 1o move 3607 in o), dertve an expression

for af)

Al 3
T mawes through % tdeprees per hour, and & = 139 ot ¢, so

I = g}

375 + 13 depreey = 84T (F — i) = F3% degrecs,

i =



Trigonometry

Snpluthon:

Skl i ¢

e T T

g. Find lo's rectangular coordinates as functions of time,

= roosdcosa = 59008 (47 (1 =)+ 139), sincecos § = |

= gops dsin o = 5950 (8,47 [ — m) + 139)

!
|

a8 = 0

-
=

b, Drerive an expression for the separation distanee & berween Vovager and lo as a
Function of time. Llse §for (8 = &)

AP = [y — W 4 vy = P+ (fvg = 20}
From paris {¢] and (g},
A= [—30— LIL - 5.9 cos (KA + 139
+ |40 — UKL — 5.9 5in (K47 + 139)]
+ [=0.44 + 0.073)
b Use g caleulater and evaluire A, For several values of I in the interval 0= { = 3

Plor the results, and use the resulting graph to find when Veyager s closese
approach to lo occurs and at what distance.

I: _1_‘ L5
i 1,51
1.5 1,23
i.0 (AT L i
1.5 0,62
2.0 0,33 A
21 00,28 .
29 0.26 AE
2.3 (.25
24 0.27
2.4 0.3 g . i j
2.75 (.46 ' s
3.0 065 Fig. 7.23

The graph isshown in Fig. 7.23,

We see that the closest approach occurred at + = 13 + 2.3 hours = 13, 3 hours on
Murch 5 ot o distance of (.25 By, or about 17 500 km.
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Fx:

Saslution:

j- What are the components of the Vovager-lo separation vector at the tme of
elosest approach?

A, = =30 -1 123 = 59 cos{EAT X2 3+ 1307 = =0,041 K,
A, = 4.0 = NB23F = S59an {847« 2.3 + 1307 = +0.004 K,
A = =44 4 Q.0732.3) = =0.21 R,

Thus, Fovager I was mostly Chelow™ Lo at closest approgch: its separation was
almost entirely inthe = direcion, perpendicular 1o lo's orbital plane
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Cliageer Eight

handle, und manipulate, with the aid of computers, large quantitics of

data. Most of the setual examplesinvelving mutris algebra are too long and
complex for inclusion hére; however, by considenimg simplificd examples. we can
et some sense of the role of matnx algebrain this context,

M.ut:im:s are an invaluable tool in space science, making it possible to organiae,

PROBLEM 1. InChapter 5 we considered some simple error-detecting binary codes for telemetry
A more complex systém, the Hamming Code, will not only detect the presence
of an eeror in a received message but will idennify the ercopeous bt in cises where
s single ereor has occurred. 16 bwo bits are wrong. this fact will be detected but
the locations of the errors will not be known, We use avery simple example to
iflustrate the method.

Suppose we have o Vmessage’” o the form e @ four-bil binary siring: that is, the
mgssage 15 in the form efed where each of @, &, o o 15 0 or |, The Hamming matris
for & message of thisiype s the 4 <8 marrix M-

Y e A A
”=1JUII|::|(:|II
0 % O By o

I

GO AR 2 A e !

The stricture of the matris s as Tollows; For o messige contmming 3 bils, we

fegd 27 = K columns and 4 fows. The binary numerals for () theough 7, (written in
I-chigit Foren as (00, OO, (1Y, L bare waed, In order, s the first thifee entries in
chch column: the bouwom entry is always 1. A Hamming mairis for a 3-bin message
wold need 2° = 16 columns and 3 rows in order to represent the inary numer-
als for 0 throwgh 15 00000 G00E, - L1111 ) follosed By | ba the columns,

IFthe message we wish o send 1sabcd, we peed v use Tour gdditional pariey bits,
P e e, and py, ond form o message row vecar M= [pg pe poa pah e d], The

1
parity bats must be assigned so that the product H DY - :: in mod 2 arithrmenic.
LH]
it}
#: Find the conditions thias 1 P13, Jr3, sind Py st :-.||li1|'_..'i.ul|:|a| Mgt = E] in
miced 2 arithmetic. "
"
ooool L] la| [pi+d+e+d (
Salution: H__.H.T_ililllﬂﬂll_n ) it IRl o ~|a
ooy orerer| o lpste + b+ d ~|o
ofil % B s e i) phpat et gttt 4 d i
é
il
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Solution:

Solution;

FROBLEM 2,

S0 theconditionsarepy; + b s c+d=0pm+a+c+d =ik
pra+b+d=Mp+pm+pra+p+hec+d=lh,

b. Find the message row vedtor if the seionl message is @ 1 1 0,

Wehovea =0, 0 = |, c = 1,d = I, Substituting these values in the preceding
equations in part (2) and solvinginmod Zgivesp, = Uops = 1. p. = 1 gy = 1L
The message row vectoristhen M = [0 1 1 001 1 0]

¢, The mateix H - M7 wa column vector called the svndrame vector 5. In the sel-
timg we are wsing, & will have four compoments, When o message is received, the
syndrome vector is Tormed. 1T nome of the bits of M was in error, the components
of & willall bee O 1 we find that 5, = 1. we know that an ereor has occurred in
transmission ., ancd 1he hirulr:,.' number 5 540 EIvEs the nurmber of the Cimpnent ol
M which is wrong, where the components are numbered from the lef, begimning
with U, [f2, = 0and one or more of 3, 55, 508 L. then two Bits of M are incorrect.
Bt we do not know swhich two—the error is detectable but uncorrectable. 1f
there dre more than two errors, itis possible. that they will be "corrected™ incor-
rectly or mof get detected,

Suppose the message (001 1 1 00 0] is received. Compute § and, if appropni-
ate, correct the message.

I

i
D1 111 1 1
il Lihg] | o S
Y O 4 I l
st Rt R el 4 ] 1

i

| (F

Since 5, = 1, there is an error: g8 5 = 101, = 3. 50 the error 510 position-#5
{recall that the first position i #0) and the corrected message s [U O 1T 1 1 1 0 1

Inthe last chapter we developed transformations from a spacecraft coordinate
system to 4 reference svstem with the same origin when the spacecraft has per-
formed o roll or a pitch or a vaw motation. Matrix algebra is the natural tool to use
to find the transformation in cases where the spacecralt performs a series of such
rotations, This s developed in the next proablem.

Recall that in Problem 1 of Chapter 7, we showed that

Y= X Ip = e o= o P Iy =xous ¥ <+ pam ¥
yp=yeosR + zin KR Ye= ¥ ¥e = yoos ¥ —rsin Y
Ig=zeos R — ysan i p=peosf +xrn P Iy =2

where the uppercase £, P, ¥ are the angles of roll, pitch, and vaw respectively, the
coordinates (oov, o) are those of the pelerénce svstem, and the subscripred coordi-
nates are those of the spacecrall coordinite system after performance of the rota-
tion designated by the subscript,
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St ion:

Sofution:

Xy
a. Express these trunslormations in mditgix focm [

i
v | where the sub-

gcript sc designates the spacecraft coordinore svstem, by fiinding My, M. My, the
matrices of roll, pitch, and vow, respectively,

=|'l1r'

Ve
=
-

LS

Exprossing each set of rramsformations above i matris (orm,

o U =g P con ¥
ﬁ'fp = Il | il '1?-, =

sin ¥4
=5in ¥ cos Y

sin & D o il i [

| i i1
Ma=|[F o5k 4n i
b —=sin & cos K

b. If the spacecralt and reference systems are mitially concurrent and the space-
criaftl performs in sequence a rodl theough angle &, a pitch through angle P, oand a
vaw through angle T, then the transformation from refere nee system coordinates
to spacecralt conrdinates will be given by

[ :

S

i
= W ll] whare M = My -+ My My

Fa o =
5

Find MifR =MF, P =457 = i
ST L S
L]
My=|0  cos3F sindF |-l X2 3
b —xin 3F  cos MF 1 3
0 =z z
cos45 0 —sind3]| |5 0 -5
Me=| 0 1 o (=5 5 g
sin 45 0 oos 437 33 % 1'-_7.5
i 3
-
5. o
cos i sl E
My o= [ —sin B0F  cos B (] —1"—.-,3 :.l, 1]
il U ]
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Snlution:

|1lf == .IH'II- r JHP' |1lfp_ =

bdl =

i
pall
I

(.35
—{}1.61
(.71

vi ] [43 vil 1 o o]
3 = U =3 .

vl 1
| il _ =
j {1 i 1 1 3 X

7 Ve I %3
LA W eyt Ml IR A
Vi ol 2@ E Ve
2 2 ] |
1 V3 |
- B I O
VI VT B
o1 XL s X2
. 2 1 g
vi 3 VE V3
7 Bt i
B, T
o s s - —
gl A
_ V2 N
i 4 !
093 013
013 078
—0.35 (.61

€. The matrix M can be wsed to find the orientation of the spacecrafl coordinate
axes with respect to those of the reference system in terms of direciion cosines.

1
.JE'=M-[1I

u

15 @ column matriy whose elements are the direction cosines of the

spacecraft v-axis with respect to the x-, v-. and z-axes of the reference system

Similarly, ¥ = M -

i
1
i

Jand}f =M

0]
U'J produce column matrices whose efe-
1

ments are the direction cosines of the spacecraft v- and z -axes, respectively, with
respect o the reference system. For the motion of part (i), find X, ¥, and 2, and,
from these, the angles made by each of the spacecraft coordinate system axes

with those of the reference system.

X=M-

I
1)
i

|

0.3
=0l | =
0.71

cos T
cos (=52
5 457

The angles between the spacecrafl x-axis and the -, y-, and z-nxes of the refier-
ence svstem are abowt T, —52° and 45°, respectively.

P=:H'

il
|
L1

=

L

093]  [eos 2
13| = | cos 8%
—0.35]  Leos (-707)

L4
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FROBLEM 2.

The angles between the spacecraft v-axis and the 1+, ¥-, and z-dxes of the refer-
ence system are about 227, 83", and -7, respectively.

[0 [l]. 13 cos B3°
z2 =M-l{| - 078 = |cos 3P
1l loel cos 52

The angles between the spacecrafl r-axis and the x-, y- and z-axes of the refer-
ence system ire about 83°, 39°_ and ST7, respectively.

Analyzing the light emitted from sources in space is a very important part of the
NAITONOMET’s OF Space scientist’s task. Some of these sources, such as the stars,

pre too far away for their shiapes 1o be discernible: but others are close enough for
the emitting volume to be made out—that is, Hght can be seen 1o come from
separate parts of the volume—and such sources are said to be “spasially resolved.™
Among such sources are the solar atmosphere, glowing at temperitures ranging
from 2500°C 1o well above a million degrees Cefsius, depending on the particular
location. and comet tails fluorescing under the Sun’s radistion.

If such a source is transparent to its own radiation—that s, hight emitted a0 any
point within it can escape from the source volume without being scattered or
reabsorbed—then an observer looking at & particular area of the surface of the
source will see the sum of all the hight emitted behind that area, in the “line of
sight.” The actual distribution of emitting intensity within the source, which in
practice is always an unknown functivn of pesitien, is not directly available 1o an
outzidie observer.

However, when the source geometry is of an especially regular or simple shape,
such as spherical or cylindrical, mathematical methods are available 1 “invert™
the ohserved intensity data, therchy “reconstrugting” the source,

In the next problem, we illustrate the basic idea with a very simple but concrete
example in two dimensions

Consider a small checkerboard, theee sguures on a side, on which a few lighted
condles have been placed tn soime squares af random, a5 shawn in Fig. &0, 11 ons
looks down any row. the combinad light of all the candles in that row will be seen:
this combined light is simply the arithmetic sum of the sepurate candles i the

row. Referring to the figure, if we look along row |, the light of three candles will
he seen; whereas. looking along row 3. we see the light of two candles, In similar
fashion. one can lonk along o column or even along & dingonal

’—'_ﬁﬁ' g

B

I
—t

e
I




Matrix Alpebra

Saluithon:

To o two-dimenstonal”’ observer in the plane of the checkerboard, this g, in fact,
the anly direct information available—the sctual distribution of the candles on
the checkerboard 12 unknown, This observer can, however, designate the number
of candies in square (1)) as an unknown variable x and proceed 1o set up a

system of equations for these nine unknowns:

Mo Eauiaiions Column eguations
&bl T Xy T j-I'|=3 .1'|1'|'.|'_"|"'.t'l|_-=2
In+t ¥+ xE=3 Kz K+ = 3
I1|'|'.:.I]+.[_I_l.=2 .t'|1"'.l::|'.'|'.'l.'11=.1

Since we need nine @guations (o selve for nine unknowns. we mav look along three
of the diagonals to get

Ky * Ly ™= 3
A T s ¢ e I
XppFIn=21

In this simple cose, it i$ not difficult 1o solve the svsiem by elimination; however,
it 1% gasy (o see that & more general method i asually necessary

m Write amatns equation for this svstem of linear equations

1 1006000 0||[x:] |3
oo d a1 1 0 44 T4 3

Oa00 0 1 1 lsl |2
001 010 ol 2
Mol e ] 00 10 Kus '.3'
001007100 1]|lzal [3
oo 0’10008 als| |3
Lo 001000 1|2 |
6 1entD 1 0 00 |3 |3

b. Ulse clementary row operations to find the source distnbation for s case that
produces the following matrix eguation:

T 110000080l 2
[ SNV T SV A 3 O 9 3
VIR NS0V O T O S I i
IR T O 1 Y I 2
I S /R T Y8 P 8 B
00100100 1| !
o0 1 000 1 0] fx I
Lo ool oo 1l 2
[0 1 000100 0] | [3
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Xy = I-: X3 = 5 .II.|=|.': Xy = ];
Eq =10 in=12; T =K1 xyy =
Xip = |

Although it is certainly possible 1 solve part () manually. it 15 no doubt ohvious
thiat & computes solution is more desirable even in this vastly simplified context,
Any of the commercially available programs (o solve such matrix equations coubd
be employed o produce the salution o part (b1 or 1o diseover thar the solution
to part {a) is not unigue.

In practice, the physical radiating sources encountercd are more complex in
several wavs: (a) they are continuous distributions rather than discrete ones, as

in the example just treated: (b) they are three-dimensional sources; (¢) they do not
have simple geometric shapes: and (d) distant fastronomical p sources canmo
usuially be observed from o sufficient number of directions o obtain a complete sot
of emission data. What this mesns is that cach observation must be modeled as

in integral rather than o simple sum and the integrals are generally complicated
eapressions that are difficult to “invert.” However, such inversions can he car-
ried out for certain types of local radinting sources

One recent example of this same eehnigue in the medical field is Computer-Aided
Tomography, or CAT scanning. m which X-ruy radiation through a section of the
human body s wsed 10 mathematically reconstruct o three-dimensional image of
the section, For example, one kind of scanner measures the X-ray intensity that
penetrites the portion of the body being imaged (such as the brain or the abdom
inal cavity ). This scanmer records the received radiation at 160 different positions
in eich scan direction: the entire unit is rotated one degree ata time around the
head or abdomen . in a complete semicirele, to obtam 180 = 160, or 28 B0,
“sums."’ The computer then processes this information 1o produce a “picture” of 4
cross section of the organ by reconstructing the X«ray absorption in each square
(o “pisel” pof a 160 < 160 grid, The complexities enumerated in the foregoing
paragraph also apply in this context, requiring the use of additional sophisticated
mathemitical technigues, However, the basic idea of the checkerboard mode|
underlies this usetul application.
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he conic sections play o fundamental role in space science, As shown in the

Appendix, any body under the influence of aninverse square law force (1.e.,

where foree s inversely proportional o the square of distance) must have a
trajectory that is one of the coni¢ sections, In celestial mechinics the forces are
gravitational; however, it is also of interest that the forces of attraction or
repulsion between electrically charged particles obey an inverse square law, and
sipch particles also have paihs that are conic sections.

Telescopes with mirrors that are conic sections are. also imporiant in space fech-
nology becavse of their reflective propertics. We shall clos this chapier by con-
sidering the design of an X-tay telescope that requires iwo reflections in sequence
from surfaces whose cross sechions dreé Conics

In the analysis of arbits, where a celestial body. such as a planel, comel. météor,
star, or artificial satellite moves under gravitational attraction 1o s primary celes-
tial body, the center of mass of the primary body i al one {ocus of the conic
section along which the satellite moves, Because the simplest aontrivial come sec-
ticn s the circle, we shall Begin with a consideration of cireular orbits. (The word
“montrivial” is incleded hecause a come section could e a paint or a pair of
intersecting straight lines, i the sectioning plane passes through the cone's ver-
tex ) Most of us understand from experience Mewton™s licst aw of motion, which
states that an object in mation continues in i straight line unless it s acted on by
some force, I we wizsh 1o make an object move in a circular path rather than ina
straight lime, we must give iUa constan push toward the center, Thus a central,

or centripetal, foree 1s required, For example, when we tie a string 1o an object and
whirl it in a circle, the pull of the siring is the force that keeps the object in the
circular path. If we represent the centripetal force by F, then F, = % where m
is the mass of the object, v is its speed or velocity, and s the radius of

the circle.

Wihen a spacecraft is moving in 4 ciccular orbit about any primary body, the force
towird the center is supplicd by the force of gravity F,, According 1o Mewton's

: ; . GMm ; ; -
Liw of universal gravitation, F: = = In this eguation, Costhe constant of
r

unkversal gravikation, assumed 10 be constant throughoot the universe, M and me
are the masses of any two bodies; and ris the distance between their centers of
gravity, The physical simuation, if the forces Fy and Fyare cqual, is represented
i Fig, 9.1,

The arrow toward the center represents the force of gravity, the dashed arrow
represents the tangential velocity of the spacecraft. and the curved arrow indi-
cites the circular path. (In ngorous use, veloeily 15 a vector quantity, because it has
both magnitude and direction, whereas speed, having magnitude only, is-a realar
quantity. We will be using the svmbol v fior speed. the magnitede of the velocity
vector, } Thus the force of gravity holds the body in the circular orbit

If wa seq F; = F;, we obtain '-HFL- = ﬂ:”’—r Solving for v gives us

[

R e o —



Cone Sections

PROBLEM 1.

Solution:

PROBLEM 1.

Solution:

This simple equation enables us to find cireular orbital velocities about any pri-
mary body, if M is the mass of the body and r is the radius of the orbit measured
from the center of mas: of the body, Because the value of GM is constant for any
primary body. it is convenient 10 substitute its numerical value rather than o
comypute the value of the product for each individual problem. If the primary body
is Earth, then GM = 3.90 % 10" m"/s’. Thus for bodies in ciceular orbits

around Earth,

_ A x 10
Ve = "l||| r LLLEE

where, of course, the distance ris expressed in mefers.

Most manned spacecraft in Earth orbit have been placed at altitudes of about
1640 ke ot more because atmosphenic drag at altitudes below this causes a rather
rapid deterioration of the orbit, Find the velocity needed for a body to stay in
Earth arbit at an altitude of 160 km

Ulsing the given equation,

===

I 399 x 10"

Vianh = 1"-'1&3.‘“.1 4 ”:ll"_l y l“.m.'!l

A
= 1tk \ 553 mis &

= 781 = 10Pm/s, or 2.81 = 1M km/h.

The formula for gircular orbital velocity is guite peneral and can be applied o
circular orbits about any primary body. 7 is 8 universal constant, We need only

to change the vilue of M when we are concerned with another primary of different
miss

a. The mass of the Moon is approximately 0012 times the mass M of Earth.
Write a formula for finding circular orbival velocities about the Moon,

Multiplying the numeratar in the previous equation by 0,012,

| &
I'”_!'ﬁ 2k 3;:“" il “L mis

Pagan ™=

,'I[-:_:-{ e
| r

e 5.
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b. During the Apoflo flights the parking orbit for the command and service mod-
ule about the Moon had an altitude of 1100 km. The radms of the Moon s about
1740 km. Find the velocity in this orbit,

| I 4.8 x 10
SR "'ul'[m[r - 1I0) % 1

= 10"26 mis = 1600 m/s,

or 800 km/h,

A synchronous Earth satellite 15 one that i placed in a west-fo-gast orbit over the
equator st such an altitude that ity penod of revolution shout Esrth is 24 hours.,
the time [or one rotation of Earth on its axis. Thus the orbital motion of the
satetlite is synchronized with Earth's rotation, and the satellite appears, [rom
Earth, wo remam statiomary over a point on Earth’s surface helow, Such commi-
nication satellites as Svocom, Early Bird, fnvefsar, and ATE are in synchronous
orbits, Find the alttude and the velocity for & synchronous Earth satellite,

The velocity can be found from the equation for eireular orbital velocity, Tt cin also
be found by dividing the distance around the orbit by the time required: that s,

>
T
iF &= :r Because the two velociies ire equal,

Inr_ |GM
e N
=
‘—“f ,l r=GM
¥ L';MJ':
i
G
~ N 4!

It is npparent that 1 = 24 hours = &6 400 seconds, Substituting the other values
vields

s r——

y 3.9 = 1M = (ga 4Ny

= = g
=y TR PO % 754

=422 % W m, o 2200 kim

Altitwde = 42 2000 — G400 km = 33800 km
i 23314 w42 20

34 = 1. 40 = WP km/hr
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PROBLEM 4.

Solutioni

1':: "C. 1 ..-'T\- 4 o
-""::_L {H‘_J, (&} —llﬂ;fl:ll.ll
L __i_ g j
b=

x;< [ =
l.-'i i 'rl-—F'Lq:‘ Fig. %3

To understand orhits, we must know something of the nature and properties of the
conic sections. They get their name, of course, from the (#ct that they can be
farmed by cutting or scctioning & complete right cireular cone [of two nappes) with
i plane. Any plane perpendicular to the axis of the cone cuis a section that is 4
cirele, Incline the plane a bit, and 1he section formed is an ellipse. Tilt the plane
still more uatil it is parallel 1o ruling of the cone and the section is.a parabola,
Continue tilting until the plane is parallel 1o the axis und cuts both nappes, and the
section is a hyperbaola. a curve with two branches. 1t is apparent that closed

atbits sre cireles or ellipses. Open or escape orhits are parabolas or hyperbolas
see Fig. 9.2}

Another way of classifying the conig sections is by means of ther eccentricity.
Let F he a fixed point (focus) and d o fixed line (direcirix). For nonzero values of
gccentricity £. a come section may be defined as the locus of points such that the
ratios of the distance PF to the distance from P 1o d i the constant ¢, The use of
polar coordinutes permits a unified treatment of the conic sections. and 1t is the
polar coordinate equations of these curves that are used in celestiol mechanics

Use the eccentricity definition above 1o show that the equation of a conic section in
e
I"_— L where pois the distange
| —& oos &
batween F and &, and the pobar axis & perpendicular 1o, and pomting away from d,
with the pole at F as shown in Fig. 9.3,

polar coordinates can be stated asr =

If €3 is the foot of the perpendicuiar from P oo d, and P has coordinates (e, #), then,
by definivion,

g = | P
PO poeroosd

F=ap +ercna i
F=Jrcos B =ep
Fll—eoos By =up
&

e | —ecos b
139
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Fig. %4 shows a family of conics, each of whch has directrix o and focus F. for
different values of e, If a Cartesian coordinate system has origin F, and x-wxis
along the polar axis. the Cartesian equations of these conics have this form;

b —h)

i .
e |F"H.- a

yi
fs i i

parabola: pregly —H)

hyperbole:  do——d fil — 1
yperhols =g

Fig. 9.4

PROBLEM 5. Show that the polar equation of Problem 4 can be transformed o the Cartesian
cquation of inclipse {0 < e < 1) aparabola il ¢ = 1;anda hvperbolaife = 1.
Express the parameters i, &, B, 01 g, as appropriate, in terms of e and

Solution: r= o
I —e'cosd

= Erons H = g

fe =1, thenr =orcos f + #pbocomes r = reos 4+ p Since

recsB =2 and r=Wat+ Wttt yl=gx e p

Sguaring.

1440
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h —%undqr = 2.

Ife = |.then ro= groos o ep beoommes
".-': =gy + op
¥+ oyt =etpt L 2elpr 4 pip?
£l — &%) — 2'pr + 3 = gp~.

Dividing by (1 = ¢7) and completing the sgquare, we get the following:

o e

*,: =:'| —t'!.:

1f0 < ¢ = 1, the denominstor of the ¥° term s positive. and we have an elhpse

S e — e e

f—a . I=r | W=

e = 1, the dépominator of the v’ [émm @& negiarive, so we may rewrnte the
eduation as

|:.I X -4 .::I: 3
T A Lol
( sp ! en’t '
=] el —1
und wee have a hyperbola with
h=2 a= =
L= e - Ve —1
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FROBLEM 6.

Solution:

FROBLEM 7.

Solutien:

Recall that for an ellipse &' — b = ¢* and for s hyperbola &° + #° = %, where. in
both cises, o s the distance between the center of the conte and @ focus and @ is

the length of the semimajor axis. Show that the results of the preceding problem
afe consistent with this and that in both cases ¢ = ¢ /a,

For the elipse,

o l"lﬂ‘l' o {..!P.' B E.l.ln.'
=& =8 (1—¢F

c=—2L =
Bt
For the hyperbola.
I:..' " H.' N b.' N l,:p: i r'::l'.l: . "'.F:

LT P P T
i'_—Fl=-E'E.
2t =1

We see that for un ellipse, 2+ o is the distince between the foct, Since e = odaif
c = Uwe hove e = 0; butife = [, the two foci comncide with the center and we
have 4 circle ruther than an ellipse. A circle can therelore be considered the conic
section with eccentricity ()

It is shown in the Appendix that the totl energy £ of o two-body gravitational
system and the eccentricity ¢ of the orbit of the less massive body (mass m) with
respect 1o the more massive body (mass M) are related by

£= I:"}.H.lrrjlr' - 'I;I ;

Jep
Since it s virtually impossible in the real world Tor the total energy to have a
value that would result in ¢ = Dore = 1 exactly, orbirs that are exactly circles or
exactly pargbolas do not occur s nature. However, such orhits are of interest os
limiting cases of actual trajeciories. The energy equation of the Appendix,

y _Mm

m :{-_':Mr

r 2ep

Pk f—

provides the means to determing the velocity of an orbiting body at wny posnt in it
orhit,

Solve the cnergy equation for v, and then express the velocity at any point in an orbit
in-terms of G, M, rand o, if necded (where & is defined asin privhlem 5|, for each
tvpe of arbit,

1 o GMm | GMm il

~
2 ’ Jep

g-nmi§+“;']
] [y
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For an ellipse,

{ Recall that this was shown at the beginning of this chapter in the preliminary
discussion of cireular orbits. )

For o parabolia; ¢ = 1, and

i Ay [
w=y6M (7)= yEE

For o hyperbola,

et -L-mthaa
cp i

o= G‘M |!E 4 I.' |

= lII|II R

The minimum escape velocity of a rocket-horne space probe is the parabolic
veloeity v, = V2GM /r , Velocities greater than this produce a hyperbolic orbat,
and fesser velocities produce an elliptical orbit {01 no orbit if too small).

Elliptical arbits are frequently analyzed in terms of orbit parameters, such as
apagee and perigee distances. These distances are indicated in Fig. 9.5 by the let-
ters A and P respectively, Before we discuss elfiptical orbits, it will be necessary
for us to avoid ambiguity by clarifying our terminology and mathematical notation.
Most of us know from our reading of space events that in NASA news reports the
point in an orbit nearest the surface of Earth is called the perigee, whercas £l
farthest point from the surface is called the apogee. These points iare indicated by
C and D. respectively, in Fig, 9.5, In common usage the word s used to refer 1o
either the position of the point or the distance 1o the poinl

J
L\ - A :
el ,?{L.
e i
Fig, %5
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However, usage 1s not uniform; some references state thai the distances arc
measured, not from the surface of Earth, but from the center. In this ariicle . we
shall e distances measured from the center, The distances from the center to
the perigee and the dpogee will be indicated by P and A, respectively. In most
discussions, the context will make this clear. [f in anv situation confusion could
resull, then distances from the surface_if used, will be called perigee aliitude or
apogee alritude, whereas distances from the center will be called perigee radius ar
apoger radius. Incidentally, the mathematics is simpler when distances are mea-
sured from the center,

8. Express the distances A and # in terms of the semimajor axic g and the eceen-
tricity e of an ellipse

From Fig. 9.5,

A=g+¢=a+eaa =all +e)

Peg =g =a—ai =a(] =gl
b. Express the eccentricity of an elliptical orbit in terms of A and P.
The following relationships are apparent from Fig. 9.5:

a=5Ad +P),

E=g = F=ifd + P = =404 = P,

amd
e mt o HA =)
a A +m
e AP
A+ P

This formula is a quick and easy way of finding the eccentricity of an ciliptical
orbit. Asacheck, we note by inspection that ¢ = Dwhen .4 = P which is the
condition for a circular orbit,

Derive formulas for v, and ve, the velocities at apogee and perigee. in terms of A or
P, respectively, and ¢ of the elliptical trajectory

From Froblem 7, the velocity of a body in an elliptical orbit at a distance r from the
focus is

il \l'r-'-'l-F |:.% = £:|

Iir =A =a(l +¢), wecansubstitute l'a = (1 + e)Aandr = A 10 per
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PFROBLEM 10,

Solution:

FROBLEM 11.

Solution:

Ifr =P =a{l —¢) byasimilar substitution,

Fondd 1=a.  [GM
:',-=‘|.~.GMII_-}';— P'E}I=1|HIHTI[]+1'}.

B

These eguations can be writlen in pther ways as well, because numerous ways of
expressing relationships among ¢, c. a, A, and P are possible. The particular form
for the formulas reflects personal preference,

Show that the velocities at apogee and perigee are inversely proportional to the
distances from the center.

If we divide the equation for v, by the equation for ve (see Problem ), we obtain

w_ [M=aP _ [all =P

v V(l+eld Va(l +e)A
e
A A

Thus the velocity at perigee is inversely proportional to P, and so on. That is, when
the orbital distance from the center of the primary body 15 small, the velocity at
that point is large; when the distance is large, the orbital velocity is small. This
result agrees with Kepler's second law of planetary motion, which states that a
planet moves about the Sun in such @ way that the radius vector from Sun to planet
sweeps pul equal areas in equal times.

Derive a formula for the period of an elliptical orbit. given that the period of an
elliptical orbit with semimajor axis @ is the same as that for a circle with radins
F=a

Following the method used in Problem 3, we express the velocity in terms of the
distance around the orbit and the time p required to make one transit of the orbit

e 20T
r
M=o
NP
Then
2ar _ |GM
p N
(2 ) _ GM
P’ r
:_I:Etlr]-".r
P
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PROBLEM 12,

Solutbon:

Rolution:

Sodution:

||'-' = ]11' 'IT
\NGM

Because the period is the same when » = &, we may wrile

{ ‘a
= Eﬂx-ﬁ.

An Earth satellite is placed in an elliptical orbit with perigee altitude of 160 km and
apoges iltitode of 16 000 km. Use 6330 km for the radius of Earth

a. I injection is at perigee, what must be the injection velociny?
We first find the eccentricity as Follows:
P = G380+ 160 = 6540 km 0T .54 > 100 m

A = R3804 16 000 = 22 380 km L 2 =1 m

By Problem 8.

. 22380 — 6540 _ 15840
22 R0+ G40 284920

=), 55,

By Prohlem 9,

1399 x 10

W a st gt os= 1 G456

'|I.' =

=2 2MWmis, or  350x 10" kmih
b. Find the speed ot apogee.

By Problem %,

(300 w10

Fa ™ % 334 % 10 {1 —1L38) = W .0’ =107 <145

=M B2/ s = 283 = P m/s, or A2 WP km/dh.
€. Find the period in this orbir.

From Problem £,

_ 22380 + 6540 _
3

&

jddslikm, o 1446 = 107 m,

and, from Problem 11,

i R L L
A ST T 09w 10"

- (2w (10') YT 48 s

= 17,2 % 11V 5, ar 4.77 h.
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PROBLEM 13,

Solution:

PROBLEM 14.

solaliomn:

PROBLEM 15.

During the Apollo flights, the Apello spacecraft and the third stage (S1VB) of the
Saturn V launch vehicle were placed in a parking orbit 190 km above Earth. Find
the velocity and period in this orbit,

Because r = 6380 + 190 = 6570 km. or 6.57 % 10° m, we find from Problem 7,

1% 99 % 10

22 B R mis =1 o s
L "||‘| FELE" I”’ IH'H'-' T mis ) ,:"; A s, or PR ]u-l km h

From Problem 11,

(6,57 < 1)
=29y =530 s=1.47h.
p=2my S0 % 10 =53 s=1 h

During the flight of Apedic 11, the SIVB stage was reignited and burned long enough
ta place the Apvollo spacecraft on o trajectory to the Moon. At the end of the

burn, the spacecraft had a velocity of about 3.90 = HF km per hour at an altitude of
336 km. Was the Apoile spacecrall given escape velocity !

Lsing the results of Problem 7, the escape velocity equals

feM _ [2099x10%
N N s i

- VT A mis=1.09= 10Fmfs, or  3.92= 10 km/h.

Thus the velocity imparted was about 200 km per hour less than escape velocity,

therchy assuring 4 free return trajectory, That is, if the major propulsion systems
failed, the spacecraft would be going slowly enough 1o be pulled arownd and ori-
ented hack toward Earth by lunar gravity, the attitode-control system being ade-
gquate to make needed course corrections.

A spacecralt, asillustrated in Fig, %.6, 05 in a circulir orhit 804 km above Earth, The
spacecraft must be transferred 1o a lower cireular orbit |6l km above Earth.
Compute the velocity changes needed at A and P 1o achieve this transter,

Fig. 2.0
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Solution:

We first find the eccentricty of the transfer orbit, which is, of course. un cllipse.
with A = 7150 km ind P = 540 km

L TLSD - 6540 64D

- 60
T TR E T

We then compare the velocities at Ain the circular orbit and the elliptical orbit

to find what changes must be made, Since &M has units m' /%, we express A and P
in meters. From Problep T,

5.00 % 107, :

b, = q/=—————m/s = 7.45 = 10" m/x, 1.68 " km/

Vo iix 1o 1 mis or A8 = L kin ',

nnd from Probilem 9,

13,99 w10

"n'w['—“-”4?!=T-lﬂxm:n1fﬂ. or 162 W' kmih.

V-

Therefore a propulsion engine on board the spacecrafl must be fired long
enough so that a recrothruss (opposite to the direction of motion ) will slow down
the spacecralt by ol km per howr. The spacecraft will then teave the 800-km
eircular orbit amd follow the elliptical transfer orbit, remaining in it indefinitely
unless additional changes in velocity are made.

When the spacecraft reaches the pomnt P, however, we want it 1o move from the
elliptical orbit into the 160 km circubar orpit, Therefors we must gse the resilts of
Problems 7 and 9 to investigate velocity changes at P.

13199 x 10
1= § e s 8y 1 £ TR 3 y
=Ny WAl x 1P mfs. or 281 = 10 km{h

38 ¥ y B .-
E= N agwgor M) =T x 1 mis, Cor 1BRX 10% km/h,

That is, a retrothrust must reduce velocity again, this time by about 700 km /b,

This method of trapsferring a spacecraft from one orbit to another is known a5 &
Hohmann transfer. named after Walter Hohmann, city engineer of Essen, Ger-
many, who published the method in 1925, There are many paths that could be used
fo move the spacceraft from the 800 km to the 1680 km orhit. But the Hohmann-
transter ellipse. reguiring only two short burns, is the most economical, tnking the
mimimum amount of energy. Therefore this method is called a minimum-anergy
transfer. It has many applications.




Comie Sectuns

PROBLEM 16.

Saluthon:

& satellite is placed into a synchronows orbit by a technigue involving a Hohmann-
transfer ellipse. We computed in Problem 3 that the altitude of such a satellite is
ahout 35 800 km and its orbital speed 15 about 9370 km per hour. Fig, 9.7 suggests
the detasls

Fig. 0.7

We shall asswme that injection is at the pengee point, which we shall place
1A km above Earth. Then obviously

P o= IR0 + TAD = 65400 km, and
A = g0 4+ 350 = 42180 km.
We wish 1o find the velocity change needed at A,

L 42180 — A4 _ 35640

= = = [}.T
O LT T T

1390 % 10

o= Vg 54 % 17F {1.732) = 1,028 * 10" m/s,

ar 3.7 % WP km/'h

——

(1 =10,732) = 1.59 x 1F m{s,

or 5.73 % 1F kmih

e R O
AT Y322 % I

But the tangential velocity needed at point A 1s 9370 km per hour. Therefore the
velocity of the satellite must be incressed in the direction of Earth’s rotation by
G370 — §T30 = 3640 km per howr, This extra push or kick would be provided by
the firing of a motor on board the satellite, and the thrust and firing time must be
such as 1o give the desired inerement in velocily, Such a motor (o be [irecd a1
apogee is called an apogee motor, and the thrust it provides is called an

apogee kick

The relative efficency of using this method is easy to understand. Placing a heavy
final stage of the launch vehicle at the synchronous altitude and then having a
burn to give the entire assembly cireular orbital velocity would take much fuel.
Instead we send up to the synchronous altitude only a relatively light satellite

and a small apogee motor. The numerieal values used in this problem are merely
illustrative. I the perigee altitude is higher or lower than the one we have
gssumed, all the other numbers are changed.
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PROBLEN 17,

Selution:

Solution:

FROBLEM 18,

Salution;

One more maneuver is necded to make the satellite synchronous. It now has a
period equal 1o the time of Earth's rotation. However, the satellite will appear 1o
be stationary over a given pomt only if it is in equatorial orbic. Unless corrections
wore made during launch, the plane of the orbit will be inclined to the plane of
the equatoe. One method of solving this problem is 1o fire a motor @t the precise
instant when the satellite crosses the equator, adjusting the burn time and dirce-
tion of thrust so that the vector sum of the burn velocity and the orbital velocity
make the angle of inclination equal (o 2ero.

The first step in lunar erbit injection in the Apolle 1T flight was to place the
spacecraft in an elliptical orbit of 110 by 313 km, the low point—aor perifine
[corresponding to perigee for Earthj—being on the back side of the Moon.

a. Compute the veloety needed at perilune o inject the Apoffe spacecraft into
this orbit.

Using the data developed lor lunar orbits in Problem 2.
P =1740 + [ = 1850 km
A = 17490 + 314 = 2054 km

2054 — 1RSD _ 204

= = £y
054 + 1850 3004 e

_ famewd
P NTEE R W

(L052) = 1MW 2T =165 =2 [0Pm/s;

or 3,95 = 10" km/h.

b. Find the period in this orbit.

I —

Evidently o = = (2054 + 18500 km, or 195 = 10Fm

and

95 = iry ' it
i T HJT'- = D[ 1.24) = WFs= TR &, o1 130 m

The lunar module descent orbit insertion during the Apolle /7 mission bregan with o
Hohmann transler, The command and service {CSM ) and lunar modiles were in

i circular orhit 110 km above the Moo The lunir module was deiached and jes
descent engine was fired 1o reduce velocity so that it would enter a 110-byv-14-km
lunmar orbit. Find the reduction in veloeity needed 1o achieve this arbit, The CSM
remained in the 110 km parking orbir,

In this case, the change to the elliptical transter orbit was made at apolune {corre-
sponding 1o apoges for Earth).

A= 1005 110 = 1850 kmor 185 = 10¢ m

P=173 + I3 = 1735 kmoor 1,755 % 1{f"m




Canie BEchons

_ 1850 = 1755 _ 95

= = ¥
IRSD + 1755~ 3805  VVab

(4.8 = 10"

o= e — {)_{F2 =1 'JE—_ : o [ |'.-
K ’\'1.ﬁ5rw“ 0.026) = 1PV 2526 = |59 < 1M m/s;

o ATH km h.

Fig. 0.8

We found in Problem 2 that the circular velocity in the 110-km orbit wias S8I0 km
per hour, Thus the reduction in the velocity needed, achieved by a retroburn ol
the lunar module descent engine, was 100 km per hour. At perilune altitude of
15 km, several retroburns and attitude changes were made—both sutomatically,
and manually by the pilot—causing the spacecraft to descend to the surface. If for
any reason the descent from the 15-km perilune could not be muade, the lunal
module could have remained indefinitely in the elliptical trapster orbat until
rendezvous and docking with the C5M could be made. Thus this maneuver,
which seemed so tricky and dangerous as we watched before our Lelevision sets.
was actually a routing Hohmann transfer. The tricky mancuver. reguiring some
manual control, came when the powered descent to the lunar surface was mice
from the 15-km altitude.

We will eonclude our discussion of orhits by eonsadering the cliassic analysis
known a5 Kepler's Problem, which in modern times makaes use of high-speed com-
puters to produce final results, 1t is the task of determining the exact position of

a body in an eliptical orhit at any given time. Kepler, of course, was interested in
establishing the nature of the planetary orbits around the Sun, bul todiy the

same analvsis is used 1o predict the location of anificial satellites in their orbits
around Earth.

We shall make use of a number of the relationships involving ¢ lhiptical orbits
already established. Far the orbit illustrated in Figure 9.9,

io e _ all =t
1—ecosfl | — ¢cosd
FE=p
CP=(CA=u
CF = ae,
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where F is one focus of the ellipse and the location of the primary body in the
gravitational system: A, P, C are apogee, perigee, und center of the ellipse,
respectively: and ¢ 18 the eccentricity of the ellipse,

Kepler's Problem is stated in terms of the angle ¢ (called the rue anomaly of the

.« cllipeadEtween the Earth-pernges ray (FP) and the radins vector (FS), rather
than the angle 8, as shown in Fig, %.9. Since vis the supplement of #, the ellipse
equaticn may be written in terms of s

afl =e’)
F = T+ ecosn

Recall alse that the rate a1 which the radios vector traces out the ellfpse i€ nol
constant, but isin accordance with Kepler's first law: The radius vector sweeps out
equal areas in equal time. This makes the 1ask of expressing rand v directly in
terms of time extremely difficult. Kepler circumvented the problem by considering
the projection of the ellipse on an “aexiliary circle’” having the same center and
passing through P and A as shown in Fig. 9,00, Tf & satellite is a1 8 on the ellipse
and 03 is the foot of the perpendicular from 5 1o AP, then 5 is (he intersection of
05 with the circle, Kepler defined three new guantities: the foreshortening factor
k= 850/8' the eccentnig anomaly £ = £5'CP; and the mean anomaly M.
which 15 a fictitious angle through which an object would move a1 a uniform angu-
lar speed with respect to F, That is, M = (&¢/ T}« 2% radians, where Tis the time
for one complete orbit and Afis the trme of interest. He then estabbished ihe
following relationships:

(1) k=%1—¢

2] F=agil —ecos £)
L] |t Il + @ E

(3 hIFI—:- \Ill'l—_;:tﬂnﬂj

(d} M=FE—esinE

o < —_— N
= ~
- 0 . ; -__,.-" | \". H“-\.
/' ! fu b
p+. m :'L' . P .F'I? E — A
v F : ¥
% .-__.-' '.-"‘-. i
g 1 -
. # i L
My I - = M""\-\._\_\_\___ e 4
. o
Flg, 3.9 Fig, %010
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In erder to determine a satellite’s position 4t any time, we must be able to compute
rand x Since in general, ¢ and 7 (and therefore M) are known for an orbit, if
equation (4} can be solved for E, then (2) and (3) will provide r and v But equa-
tion (4] s transeendental in E, so that no analytical selution is possible. This
difficulty has been the core of many compuiational schemes generated by astrono-
mers, mathematicians, and physicists,

High-speed computers now make a numerical, iterative solution bath possible
and feasible, The iterstions would proceed as follows:

E4l=ﬂ
Ey= M + esin £,

Ei=M + esinF:

Eeoy =M+ esin By

The {teration continues as long as necessary to compute E to a desired accuracy
(say 107 “or 10 '™); in other words. when |E, .| — Ei| < 107", we can use

E = E, , 1, if this is our desired level of accurscy, Since B — Ep =

e (sin E, = sin E, _ |}, itcan be shown that [, - E] = e*~ M. s0 that the
sequence £, converges to the new value of E, since ¢ < 1, This process is highly
effident Tor small values of ¢, and after a few iterations, it is usually found that
the difference is within tolerinee,

PROBLEM 19, s, Write a compuier progream 10 perform the iteration outlined above., and then 10
use the value of £ o found w compute r and o, where £ is found 10 an accuracy
of 107"
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Solution:

PROBLEM 20,

b. Use this program to find the position of the satellite discussed in Problem 12
one hour after it passes the perigee point in bs orbin,

We had ¢ = .55, 0 = 3(4 = P) = 1(22 380 + 6540) km = 145 x 10 km, and

T =4.77 h. Running the program of part {a) with these values produces the
following resulis:

The four relationships of Kepler's Problem can be established using the geometry
and trigonometry of Fig. 910,

g Show thark = W1 = ¢"
& was defined as & = S0Q/5'0. From Fig. 9. 10, we have

BE) =.rsin

and
§'Q = Vi§'CF — (CQ)Y* = Via* = (CF = QF)Y
= Vo' —{ue + rios ).

Then

i . Fsin e .=1|.II|I:F!“—ECIE-:I.'} -

a* — fae + roos w) 0 — {ar + rense)

Substituting r = %md simplifving produces, after some lubor, the result
E=N1—¢.

b |fa rectangulir coordinate system is placed on Fig. 9. 10 with origin at F and
positive x-axis along the polar axis, express the rectengular coordinates of 5 in
terms of &, @, unche. Then use the foct thal 5 cin also he pven by [ —rcos o e sin i
o showthatr = gl — ecos K




Comic Sections

Solutien:

Solution:

Since UF = geand 8°C = g the x-coordinate of 515 QF = CF — U0 = a¢ — weos E,
The v-coordinate is

S =k5'0
= k’m (o sin £ ),
So the covrdinates of Sare (ge — gens E, V1 — ¢*usin E).

Now = Pleos’e 4 Plsinte = (—reos vl + (rsin el

(e — oo EY + (VM1 =£'asinEY

‘e’ — Jgfecos E + pcos’ B + a*sint E — i e’ sin' E
= g'¢? — 2ulecos E + :’ — wref[]l — cos E )

= o = Jptecos E + atet oot E

= a7l = 2ecos E + e*eos*E)

= g {1 = e o EP,

S r=afl —eeosE),

e, Use (b) and the identity

B I —cos 8
3T N1 v ems @

1o show that
=
1] l +
ReamAT

L]
Y

tam

.

Sincer =a(l —ecosE)and —roosr = a (¢ —~ cosE),

er:msE—e
’ 1 —ecosf’
Then
l__m.jr=l—fms.£-cmE—e=1,_l_+F]i]—m5I:.'}
: I —ecosf | = eoos E 3
and
: HJ_]-TEII.EGFL"EL.J!'EF-—E=|:|_¢'|‘1,|-"'|-'“5E:|
e 1 —ecosfy [ —egos £ !
Then
i I|'J—:'|:r=.n-= R I":I—r.'.'usf:'= ,-'1+=-mg
3 Ni+eoew Vi—-eV¥lromE NIi—a g
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d. As the sartelline moves in s orbin so that the radios vector sweeps out egual
arcas of the ellipse in equal times, F5" sweeps out equsl aceas of the auxiliary
circle in ¢gual times. IE the area enclosed by FP, FS', and the are 8'Pis swept out in
time A, and T is the time {or the sarcllite 1o traverse the entire ellipse. then this
areais given by As /T (ma). Recall that M is (A Ty 27}, and use the gEGmelry ol
Fig, 9 10 g0 show that M = £ — esin £

Solution: Arca FPS' = wreaof sector €5P° — area of CF%'
'}r mil - %E’E %Irfrrlu sim K
e %é = E —¢din E
M=-E —cunf

Among the first telescopes used to explore the heavens were those based on the
reflective properties of paraboloidal mirrors, 1t is the fact that all light striking
such a mirror inthe direction parallel v the axis of the paraboloid 1s reflected to
the [ocus that provides the light-gathering capacity of the telescope. The reflec-
tive properties of ellipsoidat and hyperboloidal surfaces are also important. In
both cases. light striking the surfsce in a dircction toward or away from one focus
is reflected in a direction cither away from or toward the other foces, These prop-
erties are illustrated in Fig, 9,11,

' ""\.
(1] Ik
parabils
.__a—‘-- P, 00 . y
| K | - -::- |.
. i — - 3 - - ha
fel idi )
eflifree hygrert=la
Fig. %.11




Come Secinins

FROBLESM 21,

Salution;

The technique of ray tracing is used in the design of oprical instruments. One class of
such instruments owes its focusing properties to the law of reflection. This law
states that the nngle between the incident ray and the reflecting surface must equal
the angle between the emergent ray and the reflecting surface. In ray tracing,
equutions are written for the lines containing incident and emergent rays of elec-
tromagnetic radiation. Tlee this technigue to prove the reflective properiy of the
piarahola, given that the slope of the tangent at the paint (£, ¥ ) on the parabols

v' = 4pr g Ip v, (The slope of the tangent &t any point on a conic séction graph
will ke derived in Chapter 100§

We must show that an incident ray parallel to the axis is reflecied through the focus.
The geometry of the reflection is shown in Fig, %127 sinoe the lines T1 and FE

are parallel, and since the angle of incidence equals the angle of reflection, we
have that triangle FTP 15 isosceles and s0 ¢ = 28, The equution-of the line con-
taining the incident ray is v = v, The equation of the line contaimng the reflected
rayis iy = wo = tan g {x —xp) = tan 28 [x — )

i
S
£ -
Ty L
i
Al [ | &
P :. F
Ill.
M”H_
.xh
Fig. %.12 o0
Since
2 pan 8 i
an 2 = —————pnd tan = =+,
i = lun'ﬁlm:l ¥
dn i dp? EE
L 1H:£I_fL] - —P' ] - —'I—'
.|"|l'II Wyl b e 'L.r]
B
yii = 4pxo
114 ]
dpyy
tam 28 = -—L
4px, — Ap-
= IIII
Ty—
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PROBLEM XI

substituting the slope o the eguation of the line.,

¥ii
) T g

Y = W= -'|'|'|b

_ Wkt — )
R

i

[fx = p, ¥ = 0, %0 this line passes through the focus,

Special instraments have been designed o study the electromagnetic radiation of
stars andd other astronomical sources in wavelengths outside the visible region, I
Meravs are to be rellected, the incoming rays must form avery small angle (grazing
angle with respect to the reflecting surface; otherwise the X-rays are simply
gheorbed, However, with grazing angle incidence . incoming ravs that are not par-
el to the axis are not focused of all (making it impossible to form an image of &
souree that s not o point) unless an even sumber of reflections 15 used. The X-ray
telescope on the High Energy Astronomy Observatony (HEAQ) savellite was
therefore designed to uge twi reflections from coniv section surfaces, Fig. 913
shows some of the possibilities that were considered, Motice that in gach, the
fercus of the parabolond coindides with one focus of the other conic.

iellecimy sl

|1'.|.'|.'Ih.'l||ri||-——h

arabcdiid - B
izt A

. - _,—j
[ it ] | I {r .
S T ey
A = AT
i B
g ieilichng -
r|.|r1h|||.:||.:|—,I & wvarfacies : =,
" &
Fig. 912 [

In desigming wn X-ray telescope that uses hyperboleddul and paraboloidal reflecting
surfaces, the most chiective placement of the r- and v -nxes s such that the y-axs
caincides with the axis of the parabolorl gndd the ¥ -axis passes through the inter-
section of the two surkaces. This s ilustrated m Fig. 2 14 in cross section, [ Note

that figures 914 thre %17 are distoried; grasing angles are much smaller than shown
in these digrams, b




Liomic Sections

Spdution:

Fig. %14
ok ni

rraxial
(BT FTEET

paraha bl —\

a. 1M pr is the distance berween the vertex and focus of the parabaolain Fig. 9-14; ¢,
the distance between the center of the hyperbola and each of its focil fi, the
distance between the center of the hyperbola and cach of its vertices; and &, the
distance between the center of the hyperbola and the onigin. find the equations
of the two conic sections in thiscoordinate sysiem.

For the parabola. the vertexisatl (—{p = ¢ + £ 0.0) and the focus-vertex distance 15
p, %o the cquation is

=dpi{yr +pt+ec+k)

Forr the hy pr_“':l'tll_'!lll.l_ thee center i at (=&, 00 the role of the FI'III!'HFI'II;!;s_LH_LIJ the
standard equation is taken by ki und that of the parameter b by ¥ ¢ — -, so the
LTI §%

h. Fig. 9.15 shows the ray paths, which form angles o and @ with respect to the
y-axis, und the tangems to the parabola and hyperbola, which form angles # and &
respectively, with respeet 1o the x-axis. Experience in this fickd has shown tha
when successive reflections take place, surface reflection efficiency is maximum
when an incoming ray parallel 1o the axis strikes each reflecting surface at about
the sime angle. Show that this condition, together with the fuct that the sngle of
incidence eqoils the angle of reflection, means that @ = 26, ¢ = 3, o = 41,

I parbn ==,
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We npumber the angles 1. 2.3, 4, 5in Fig. .15, as shown in Fig, 9,16,

;I1:|ruh|||||

Flg. o.16
We see that
Ll =Land £3 = £5(L of imcidence = £ of relection);
£3 = £4 (vertical angles);
L1 = 0 (incoming ray is parallel to axis);
£2 = A8 (for meximum reflection efficiency |
o

L= ="r 3 =f b 48— g

Mow, since an exterior angle of o triangle i equal to the sum of the nonadjacent
interior angles,

3=
¢|=IH-I-H=_1|H-I
o = f 4+ @ =44

. In designing the surface of the X-ray telescope, the designer mist be able 1o
express the parameters p. ¢, &, and & ol part (alin terms of two il design
parameters Fand v of the mstrument, where F s the distance along the x-axis
between the onigin and the Tocus of the hyperbola, and v is the distance along
the y-axis between the origin and the pomt of intersection o the parabola amd
hyperbola, { These are shown in Fig. 915, )

Recall that under grazing-angle incidence, # is & very small gngle (this is defi-
nitehy mot shown in the higure; the angle oceurs where these lines finally imterscct ).
It is also true i this sibuation that pois small compared to £ Show that the
parameters p, o, &, and i can be given, at least approximately. in terms of F and v,
by the following

¥

F po==

e F e SF

B

=+ ki +dplpre+ K)-NVIE + B +dpp e + R - 4K




Linmie Sections

Solotion:

Let {xy, ¥ ) be the point on the hyperbols where the second reflection takes place, ang
let (00, ;) be the v-intercept of the line contsining the ray after the scoond reflec-
tion. (See Figure 9.17.) Then tan o =¥,/ Fand tan 8 = v /e + k1= v, {2c + F),
since £ = k& — ¢, Becawse # s such a smsll angle, o and B are also small, This

suggests the following approsimations;

¥rEW =y e = atan g = 8

prarshala
b
_—"‘____ o !
1 _".-
s .
l [t |
{1 [
Fpt+— i —f—t |
Fig. 2.17

[Fig. ¥.17 does not show this because the ungles are not small enough. The reader 15
encouraged 1o imugine how the figure would change if angles 0, B.od, and o shrink.)

Since o = 2. we gel

amd o e = ¥y, then
AF =i+ F or F &3,
S

=

F oand keFrosiF

The parabola bas equation ¥ = dp (x +p + ¢ + k), Sinee y = ¥ whenx =0, and

sitge e ok =2F,

o' & dp (g + 2F) = 4p* + HFp.

L&



Chapter Nine

162

If p is small compared to F, the term in p° may be neglected giving p = v ({#F )
# can be expressed exuctly in terms of p. o, and & by observing thiae (0. v ) is on
hoth the parabole and the hyperbola. This means that

W =4gip = ¢ + k)

and

IE T

i e ol

- =
Then

wr= (et = JI'\I':%— I:I =4p(p + ¢+ k)
Sl
ks = htles4+ k) + = dpip 4+ ¢+ R

or

ht =R+ k54 qpilp e+ k) +cikE =10
Lizing the spuactrane fo b

CH i dplprer k) aVIiC vk rapip to t R - Ak
1 .

hie

The P Wil -.ign bafore the radieal i decarded, cinee 1 '|'|r|.'l|J ey i l'ltl!-'hl.l.':l.”?'
unrealistic value of i larger than o so

hi=c+ ki rdplp o+ b - N2 dplp t o+ BT — 4Tk

This anabysis produces an iwitisl set of parameters pooc, kand o A ray-tracing
computer program, hsed on the principles discussed in Froblem 21 is then used
10 check the actual fovusing capabilinies of o hvpotbetical insirument with these
specifications. The use of the computer with such a program makes it possibile (o
refine the values of the parameters for best focus under desieed conditions, Actaal
preparation of the reflecting surfaee is alsa controlled by compuir-drven
machmery once the opiimal values OF the panimeters ore established.
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PROBLENMN 1.

Ithowgh caleulus is used extensively in space seience and tech nology, we shall

consider in this chapier just o few problems, most of which extend or

amplify idess discossed in previous chapters: Calculus is also used i the
Appenidix,

Until recently it was accepted that there were three possible states in which mater
could exisi: solid, iquid, and gas. Under conditions that normally prevail on
Earth, these are the only states in which matter is found. However, it is now known
thiast if the temperatane % very high or the density is very low, o lourth staie of
matter con existi it is called plavma, A plasma consists of electrons and positively
chiarged ions rather thin neutral aroms, and so it his both electric and magnetic
fields. (AN om s an atom that has fost one or more of its electrons. ) On Earth.
plasmis exist, ot Teast temporarily. in lightaing, electvical sparks, fluorescem
Lwmaps, and in the wnosphere

In addition te the electromagnetic radintion we sense as heat and light, it is now
known that the Sun emits panticle racintion having o wide range of energies. The
particles {or plasmi appear o come from specific regions on the Sun, some as
highly energetic particles which move radially outward into interplanetary space.
some of these highly energetic particles that reach Earth’s ionosphere produce
puroral displays (the northern lighesd and sffect shortwave rudio rransmission by
modifying the ionospheric structure.

A lower encegy component of the particles s emitted from the Sun on & continuous
basas, and these lower energy particles also move awiy from the Sun ina straight
I Crindially ), The stody of this interplanetiary plasma, which has been called the
solar wind . 15 ol greatl concern to astroncgmers and other scientists for several
ratusons, Cine s thit the Sun s the only star we are elese 1o, and the emission of
plasmn means that i1 s very gradually losing matter, an important factor in stellar
evolution. Another is that the plasma state of matter is difficult (0 stody on Earth
becawse it s hurd to reproduce in the laboratory the conditions of high temperas-
ture and low density that exist naturally in the solar atmosphere and in interplane-
bary Space.

A number of space probes and satellites have been used (o investigate the prop-
erties of the interplatetary plasma, The {nterplametery Moniroring Plasform (IMP)
reries of probes from 1963 to the present, the Cvbiring Ceoplivsical Cbservatory
(OGO series from 1964 1o 1974, the Intermationad Sun-Earth Explorer (1SEE)
satellites from 1977 {0 the present, and the Mariner, Ploneer, and Voyeger deep-
space probes have all corried experiments resulting in o senes of measurements of
flow divection . density, velocity, and eleetric and magnetic fields of the

sublar waned

It hias been postulated, on theoretical grounds, that the magnetic field lines of the
sabar wind coincide with the locus.of particles emitted from the Sun, and the
expermmeniil fimdings 10 datle seem io support this hypoihesis

a, Determing the I\~|'|.'||'|l.' il this locus, given tha the salur atm mphere from which
emission takes place rolates al & constant gngular velocity and that particles
move vatward with constant velociiy in the radial direction, Assame jhe direction
of potation soloekwase
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Solution:

An intuitive solution using “time lapse™ polar graphing is displayed in Fig. 1001, and
this shows thit the locus is an Archimedean spiral. This can be verified analyti-
cally using calculus. We are seeking r = ({8 such that dr /dz = V {particles emitted
with constant radial velocity ), and df /dr = C {emissive origin is rotating with
constant angular velocity ), From the chain rule,

dr _ dr de
di de dr”
and substituting from sbove, we hove
dr de ¥
v ﬁ {5, ar ﬁ = C .

a comstant we may call k.

Integrating and choosing the coordinate system so that [0} = (0, we have r = &6
which is the equation of an Archimedean spiral,

Fig. b1
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b. It his been observed that the equatonal region of the solar atmosphere rottes
at o rate of £ = 294 = 1" radians per second with respect o the distant stars.

This s known as the sideres! rotanion rare and is equivalent o a sidereal rotation
period of

&
P B e 204 % 105 = 247 dayvy.

Spacecraft measurements of the sobir wind velocity show time vanations; with
veloeaty peaks at approximately 25-day intervals as well, For example, Mariner 2
measured velocities varying from 400 km/s to about 750 km/s at some peaks.
Degterming & und plot the graphs of the Archimedesn spirnls for velocities of
400 km s and 750 kms,

sadlution: For V' = 44000 km /s,

= E = —lﬂ'“—i-_ - '\. J £
k= A TR R L4 = [0 km/rod

For ¥ = 750 km /s,

150

= 2.0 1K km/racd,

The graphs of r = &d are shown in Fig. 112, (Note that 1115 the praciice 1o use
km/ rodd as the unit for & but this i equivalent to km. since the radian is
dimensienless. )

w Fal
Iq .'ﬁ-:
ol M !
b e
F I H |I
o o = 1 | By LS
| | i '
[ 11l | {
= { [
L 4 i L b
'.1_ : . : 5 G e, S R ot e
= ¥ L. . ' | &
bt Pt ) - e 1 I %, o
o s ol - . 4 ] g T
i BRI T Sl for v 7 umits = 10k o 1 |!_-.:|'
lak: % = Jid} 1B % = 7500
kmu'ser Wmdsee

Fig. 1.2

I Chaprees 4 and 7, we considered some ol the corrections needed to produce
undistorted pictures of spacecrall observations, Here is another such correction.

[ Jia ]




FROBLEM 2.

Caleulus

Mast satellite photography makes use of scanning techniques. This is illustrated m
Fig. 10.3{a), where the scanning is done in the direction orthogonal to the flight
path. In performing the scan, o system of mirrors and lenses rotates around an axis
purallel to the fMight path. Although the scunning system rotates at a constant
rate, we can see from Fip. 10.3{h) that the rate at which the scanning heam moves
along the ground depends on the angle 1 makes with the vertical.
P
ty e il Ld, = 4B,
|_;-,' "\_\ Lty b L
' .
b |1| |'-'|| ll'|' E‘. . -."\-\.
II ll..l i 5 S
|y A\ “H__\x
Mubtispectral
Sranner I| III': \3 _HH".':._
(NS5} ==l
Ry Lumy it P
i S — =g
T T T ’
S /fl_'-" - -Il," it
F I
v |
[ah
Fig. 103

If we imagine that a square on the ground has the patiern shown in Fig. 10.4(a),
the resull of this variable Earth-scan rate will be the distorted pattern shown in
Fig. 10.4(b}. In order 1o produce ian undistoned picture, the actual recording of
the images must be done at the Earth-scan rate rather than the rotation rate
This parorarmic distorion correcifon Tequires the ability 10 express the scan rate
slong the ground, dy/de in 1erms of the satellite height., &, the angle #, and the

rotation rate, da /dr, of the scanning sysiem, where 8, A, and x arc as defined in
Fig. 10.3{h}. Find such an expression.

HHHF‘”";7\ L L
LBVt L T

K e | _1- | M — Flag prstess

£

)

[t
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Solution:  (This iz a strajghtforward reloted race prohlem. ) From Fig. 100,30}, we see that

fan i = % S0 that r = f tan 8. Differentiating with respect to time,

dx : g dil
= = hsecifi=— .
de T
FROBLEM 3. In Problem 9a of Chapter 4, we estimated the surface arca of an antenna “dish’ by
treating it as though it were a tlat circle, In actual practice, such an antennais a
paraboloidal “cap” whose depth is from 10 percent to 20 percent of its radius, Let
us see how good this estimite was,

a. Find an expression for the surface area of a paraboloidal cap that is bounded
by a circle of radius r and has depth a

Solution:  We can consider the parabeloidal cap to be generated by revolving the illustrated
portion of the parabolic curve {Fig, 10.5) around the x-axis. We muost first deter-
mine the funcrion y = fix) for this curve. Then the surface areq will be given
by the integral

e e T

§ = 2n (VT [POIT da

Since this curve s a parabola with axis horizontal, opening to the left, and
with vertex at {a,(), its equation has the form ¥ = bv'e — x, where b must be
determined so that (0.r) satisfies the equation. This means ¢ = h\a — ) _or

= r /\'a. The function we need, then, s Hix) = (r/f g Wa=x =V = xia
¥
1
T —
..'u |
e L'lf —Ja-l-
Fig. 15
Then
I-I[-:-II = IJ‘ —;I'J = ﬂ—,——jr_
2 1 ok g = gy
[
Ty L U | <
# "“JT. “'l.'] i 1'!.'] I Ha- — e
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Solution:

Solution:

PROBLEM 4.

Solution;

This integral may be evalusted by the substtetion v = £~ + 42~ — dax to produce

Sy = el — 1rd v &al
§=2 i = ﬂ_f_[ 1
1'-'J ] (PR FT i i 3

Tt | Il

= FHL::[{;' + dg7)7 =7

b. Recall that the paraboloidal cap had a radius of 10 meters. 1 its depth was 1 m,
find its surface area (assuming exact numbers) and then find the relative error of
the estimate made i Chapier 4

Fore = lbmandae = 1 m,
i g i 3
= l.r',_rltlmp'-- — 10°] & 317 .

The astimute, approximating the paraboloidalcap as a circle, was
5= mrf = 100y = 3147,

117 —
Fig, = % = L AHME, or gkout 1 peroent,

¢, Find the relative erpor Tor a depih of 2 m.
5 = [ (1" — 10 = e m?

grror = (326 = 34 m* = 12 m*

_Ad .
e = g © A8 percent

In Proklem 11 of Chapter 7, we observed that a spacecraft at a distance b from Earth
ean observe only a portion of Earth’s surface,

n. Derive s formula for finding the fraction of the ohservable area as a funchion
of height above Earth’s surface

The portion of Earth's surface visible from the spacecraft is shown shaded in

Fig. 1016, Let A, be the area of the zone with altitude BE, 1T wesel up &
rectangular coordinate system with origin at A, and if the coordinates of a point on
the are EC are {glv), v ). then this surface area is found by evaluating the integral

A;=2n |r gy VT gy dy
W

where gl 1) = £ =% R = :.-" and vy and vy are the p-coordinates, respectively,

of the |1-|1'inr.-+ B and E.

|
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¥
hF X
p o q\

Vg B Fa
/ b
T AR
| A [

A
Fig. 10.5

To determine the v =coordinate of B, vp, we observe thit triangles ABC and ACD
Are similar, so thal

AB_ AC
AL AL
0oF
AR
R R0
giving
i, K
A Rt R
We have
¥r =R,
snd
L T
. VR -

s the miegral 15

4,22 | VRI=Y =By
[ 1]
=
=2m | 0 Ry
Nl
o 2aich
= = = —ereimies
,--rH|H | =

If we let A, represent the area of Earth™s surface, then A, = 4w &°. sa that

A 2mkh
A, SRR +h) 2R + k)
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b InApreil 1983, two members of the Space Shuttle Challerger crew, Story Mus-
grave and Donald Peterson, performed an extravehicular activigy (an activity
ouiside the spacecraft) while Challengrer was at an altitude of 280 km, What frac-
tion of Earth did they see? {Use 380 km for the Earth's radius, }

Solutien:  For & = 280 amd /& = 6330,

280

Ay
-0 ey arad ;
A, 3(380 + 280) AT S

c. Driscuss the manner in which the fraction A0 A, varies with the altitude b
Solutiom:  Intuition suggests that as i mcreases, the value of A,/A, should vary from zero to
1/2. On the surface of Earth, the fraction is zero. As it inereases, so does the

fraction, and yet it must alwiays be less than 1/2 | that is, one cannot hope o view
mire than @ hemisphere at aay one time. A little algebra bears this out.

Ay h

A, Hr+h)

s certamly zero when h = (. Observe that

Asdr increases, the denominator of the right-hand side decreases, which {oroes
the entire fractiom A, /A, temerease. Furthermore, as b — < ¢/ — 0, and con-
sequently A,/ A, approaches 1201+ = 12,

d. At what altitude will an astronaut see one-fourth of Earth™s surface”

Solotion:  We must find & such that

ho
2 (6380 + &)

1
3
4-h o= 2(6380) = 2-h
2-h = 2(6380)

& = 638 km,

e. The first astronauts to travel that far from Earth were the Apollo 8 crew

{ Anders, Borman, and Lovell ), who orbited the Moon on Christmas Day, P963,
What pereent of Earth's surface could these astronauts see as they passed the
Moon, a distance of 3,76 % 1(F km from Earth?

Soliilion: i_ 3,76 = 1F __dThx I
1 A 21376 x 1F + 638 x 107y 2(3.82 x 1)

= 0492, or 492 percen
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FROBLEM 5.

Solution:

Solution:

Solution:

PROBLEM A

The reflective properties of the conic sections were discussed in the final two prob-
lems of Chaper Y. where the formula for the slope of the tangent to a parabola

was used, Use differentiation to find such a formula for each of the following
eomics il @ point [, vl

u. The parabola o= 4px

Differentiation produces

dy

3_1'—|Ji — |1.|:|
o JEE
dx , el

S0 the slopeof the tangent at (&, v) is -.E Jor, F stated in terms of X,

w |'_
slipe = = —:.P—_ - iy
Wy, Vi
% I S
b. The n.]lapsc'ﬂ—_x s b 1
Differentiating this equation,
2 2y dy
= i, =
i’ 4 [ '
dy _ _Hx
d.'l: n::_lf

The slope of The tamgent o1 (x., ¥,) 15 then

¢. The hyperbola |IJ'_ = —; =1

This is cxuctly the same as (b)) with one sign change, 5o that the slope of the tangent

atl {%p Yol 13 E, o
s

Char Tinal example in this chapter is a result of the spectacular discovery by the
Voyager space probes that onc of Jupiter's moons, 1o, is the site of active volca-
mocs, the first known instance of volcanoes other than those here on Earth. Images
returned by the spacecraft have provided measurements which scientists afe

using 10 develop and evaluate models by which both the behavior and passible
causes of this volcame activity may be understood.
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Holutlon:

The statting point is the familiar projectile problem with the valid condition (in
contrast to such problems applied 1o Earth) that air resistance is neglected, singe
Iy has no atmosphere. It is also convenient to begin the modeling process by
aasuming that the gas and solid particles cjected from the voleano's opening do not
affect each other's motion upon cjection, that the opeming s circular (roughly],
and that all particles start from the sume point below the surface with the same
initial velocity at all possible escape angles in any direction. These assumplions
together have been called the bailistic radel.

a. Photographs of the plumes of some of lo's active volcanoes show that any verti-
cal cross section through the volcane vent's center has the shape diagrammed in
Fig. 10.7, where we have placed the r-sxis along lo's surface and the z-axis per-
pendiculer to the surface. 1T {r, 2 is a representative peint in such a cross sec-
tion, find an expression for the escape angle @ {or a trigonometric function of i )
which will cause an ejected particle to pass through this point ({ is measured from
the z-uxis). Let r, be the radius of the circular opening, v, the initial velocity of the
particle. and o the distance below the surface of the point where the

particle sriginites.

(.l
E T‘I\_--_ - { T
Ay AT T
_/‘ Il A A he
-2 i { ] Y
/ b I,." | Y |
| L J i 11
| | |
| T .l ; 1d
r

Flg. 10.7

If ir is the value of Io's gravity and i the time at which the particle is ejected, then our
maodel is given mathematically by the following conditions:

fo & oyt 2=
I.,I'. IJJ' .

=il = e i ri =
= i T B S f Y

Routine integration and spplication of the initial conditions result in

l ;
(A E L .;,;.:e" + gt Hovplgosd —d - jgﬁi — Wy CO% ¢

(E] Fi{fh = (vosimi) (i — f)
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Suolution:

lo get an expression for /. we eliminate r by solving equation (B) for fand substi-
tuting this expression into eguation [A), which gives

T
(C) e ,h,— cosec’l + rootd —d.

Since equation (C) contains cosec’ i and cot i, we may use the identity
cosec’i = 1+ cot’s o obtain an equation in cot J, namely,

Br-
t::tr—rcnn+ +u'+ = (I,
v o =3

Applving the quadratic formula,

rl._

1,‘,:- _“E ]I.*:-1I k|
e G e .
ot v
and simplilying,
-_L'.'."._'_,'__ilr{”_l' o
([} cot i = |.[ =y [-.-E- [ﬁ!-m _||-I|

We see that there are two possible ejection angles that will bring a particle through
a particular point. one on the way up and the ather on the way down. This 4
llastrated in Fig. 19.7. at the point marked (r, ).

b. £ i, is the largest possible escape angle for the vent, express the height o, of the
lower boundary of the portion of the plume that contains both upward- and
downward-moving particles (identified in Fig. 10.7) as a function of #, and then
find r, and r, of Fig, 10,7,

From equation (C), withi = i,

rlr:
2= —Lctrwra. + rent i =
- II
Fu and r, are the values of rin this expression for which z., = [ Setting =, = 0and

I'I'Itlll||:|11.'|:|:|g hy

5 1 T
RATRE Y 8

produces the equation

5 2Va S0 GOS0 i vip o SIG

= ——— e et

g B

Uising the positive sign in the quadratic formula 1o get the larger r.

v . [ 2gd
Fa = 2 Sin fy | Coes i "'n- 0T — i
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and using the negative sign to get the smaller valise,

T vi i i | cns 'Ims'.:' 280
= - 51 ‘I - | - —
" U i i ‘HI L] ]

1]

¢. Express the height 24 of the upper houndary of the plume of Fig. 10.7 as a
function of r and find an expression for &, the maximum height of the plume.

Solution:  The upper houndary is the set of points for which the two solulions given by

eqquation (1) of part (a) coalesce; in other words. where the radical vanishes, or

- I:EJ: J :'H[d: hﬂ =1,

141

(1§ ]
N e
R T T

(E) == =4
d. Express the coordinates (£, 2,) of the point 1o the right of the 2 -axis, at which

the upper and lower boundaries meet, in terms of &y, vy, g. and d.

Solution:  Since this point is on the upper boundary, we have the radical of equation (D) equ al
to 01, and since it is on the lower boundary, we have i = i, From equation (D),

i Wi o
ol Iy = == , 50 ¢ = == 140 [,
gn ]

From our scloticen to parn (el

L v gni
i T T
0T
= i'.i- = s 3
=g — =l —={ani] —d
3.5' 2y [E r-}
Wil

= 5 (1 — i) —d

77
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e Measurements of images obtamed from the Vevager | imaging svatem have pro-
vided values for r,, 7. and b, Use the foregoing results to abtain EXPIFEREIONS =0
that &, v{/g, and d may be calculated from these messurements.

Solution:  From cquation (E}, o = (w{/2g) — A, This will give o if we have vi/p. since k_ is
known.

From part (b,

Fqaf
Wi oo j
Fy T Fp = ¥ B0 COS Ty

(L] g

(o S EE )
— = P = [ + ) clsec{ 26
£ sinl2ig)

This will give wi/g if we have . since r, and r, are known;

Also from part (b},

i | il -
e AR e i
Ta = Fy = == S fnyfCOS, -
[ Ve
Sinee d = (vi/2g) — k.
32 fo Il
¥ -3 N
fin =y = == S0 Y OB ~ S
g Lh)]
" [
=20 g A sin
A |I"||II |-'|'; i
&)
B ;N
1'i'l N Mo
i"" = rl.l - i
I s 4

i £y 2 s voai
Squaring to eliminate the radical und sohsg uring -E- = DR

] Pt FI.

2ol . 2 & iy eos §; e
. SEVE L g pl == h., —sindi
.|E z 'rJ,' = ] - P T Fy
P, P

r COR iy o8,

:F
o+

tam &, — tansl,

which we can solve for 1an & using the guadraric formula:

-I"hl . ! Iﬁhl-' :,{r" FELE

tam i, = ;- 21| f2
; T (ry + . F Py rr'l /
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Since i appears on the images 1o be smatler than 45°, the minus sign s
chosen, giving

h [, N (R — AR
. b ¥ = ! E
S T 1'l|||4[.r,. + r,,l:l I:-r.., + .I‘PI:I
f. Voyeger I detected cight volcanic plumes, of which plume 1 and plome 5 were
closest in shape to our diagram in Fig. 10.7_ Table 101 gives the observed mea-
surements of r,, r,, and by for these plumes. For each, calculate i, vi/ g, and d
from these data, then use the results of part d. to predict r, and z, for these plumes.

Takle 1.1
Measurements of [o's Flumes
Plaume
M. P F &, (imeasored in km}

I S0 178 2BD
i 175 7.5 M

Solution:  For plume 1,

. otasny [0 2m0 N f4E2ER
wan iy = 2{ 5o "-"“[51'?...} [51?.5J o
o by = 28,057
W A
o = (517.5) (eosec {36.1')) = 623 km
Yo _ poL623 o
d= gt~y =0 - 280 = 32km
r, =% tan &y = (623) (0.533) = 332 km

Wi

= (= tantiy) — d =%[| - :u.533]~‘] — 32 = 191 km.

For plume 3, the results are us follows:
tam = 0.4821, s0f = 25.74°

"
i

-Ra = 168 km; d = 15km; r, = 82 km; 3, = 50 km

1
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2. For plume 3, it was also possible to measure r,, This measurement was 125 km.
L ompute the relative ereor of our calculated value for 7 a% i percent

Soluthsn: Absolate ¢rror = |B2— 125 = 43,
. 43 -
Relative error = 125 " (L34 =34 percent,

This errar is large encugh to demand refinement of the model. The assamption
least likely to hold is that ¢jected gas and particles do not affect each other's
mation: it is more probable that the combination of particle sizes and rate of gas
flow is such that the particles are carried by the gas into the central poriion of the
top of the plume and released into ballistic trajectories only on descent,

Although we shall not consider these modifications here, the reader may be
interested in knowing that the resulis of further refinemenis of the model are
consistent with the theoretical proposal that Ie's volcanoes are due o tidal
effects in its surface generated primarily by another Tovian moon, Europa
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he elliptical shape of planetary orbits was first asserted by Johannes Kepler

omn the basis of painstaking observations made by him and by his prede-

cessor, Tycho Brahe, 1t was Isane Newton's grest achigvement to gstablish
mitt hematically that the inverse square law force of gravitation must produce a
trajectory that is one of the cone sections. We present this analysis a8 un appendix
rather than in the colculus chapter (Chaprer H, <imee the manipolations needod
in the development inchode some complexities that may be unlamiliie (o the
mtended puchience

Before begmning the main problem, we necd to-establish some properies of fiese
and second derivanives of the vectors, The unil vectors |, 7l W, are shown in
Fig. Al We have

o= cow i+ ] s
il

we ™ i [—sin ) + [ cosd
Dilferentiating with respect to time,

dii,

; R | - di i
= & = 1= + '-lh-ﬁ'—:.: —
- Fissin g 4 leos 6) 0 r'ld.'
= gl — 4 f{—=sin #}— = — ;== 1
~rlalhit &t dr di
h.
R
vt e
- i
iF Hj
]
=1
- L = P
b}
i
Fig. A,

In potar coordinates. the position vector 35 (¢ o, b and 5o

do = dr — dug e - [i[
=ARL) = iy TP =l il

Melncny:= dr dr s e



acceleration = ‘:{-':H u,) - [— i+ 4, |
dr o dedi, | drde- | da- | didiy
et ww Vara™ T Tap T e

dir= . o drd- d-ft 'de | -
L e el b g — :
e dr ¢ * de ’ r-;lrll .

=l Lo *J'"]] pdr db ppdthe

We now consider the statement of the law of gravitation: The force on the orbiting
body (mass m) is proportional to the product of the masses of the twa bodics
involved and inversely proportional to the square of the distance between them.
In svmbals,

Firug | GMm
e’ i T

Fr

where the minus sign expresses the fact that the force of gravitation aets in the
direction toward the mass M. Using the result above for acceleration, and cancel-
ing the m, we pel

dr _ jdey] s | [sdede d’ﬁ'l __GMo
TR :I| +['|ird L

Since the u, term is missang on the right, we have

] ﬂ@ -+ rd:ﬁl _
= e i’

Keplers first lew, that the radius vector sweeps oul egqual areas in ggual times,

L L
g e stated mathematically as S dr

expression with respect to fime, we gel
5 drdé r,gigJ =
"t dr dr?

« A, goonsiant. 1 we differentiate thes

1
:

¥
1, [l 2] I
[ ddr Tl

sl

Soowe may fet the constant A = 7 £ ,and this is equivalent to the fact that the &,

coeflicient vanishes, or Kepler's first law.

r_(d8) . _GM

Eeuiting the w, terms, o

| B3
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Using the substitution 8 = &M, sswellns A = p2d

TR produces the differcntial

CTTRTRL
d:r A

{13 — L=
e r ! e

W are seekmg ras a function of ;11 turps out to be casier to find 1) ras a function
of #. This can be done by letting w = 1/r. or equivalently. r = [/w. Then

: 1 da di
=B aheua b GO, pBF_
g R S
nfferentiating again,
dr d jdw o it
— = —d— |— = _-"1-"_|_
dir- i l'.l.J!.l di” r
4 o diw
= — AW ==
ol T'E
We can now rewrite (1) s
—.11.:“"'% — AW + B =1
ar
i )
-~ SIS T i
g ok
which has & solution, w o= Ccos (8 = @) 4 —H
Bt thes means thin
Tk 1 I e A-lB
W Coos{f— &) + (BiA) 14 (CAYBieos (0 — &))"

For AYYB =ep, C = —1/P, & =, we getr = ep/ (1 — £ cos #), the equation of
the comic section in Chapter 9. Problem 4.

We next derive the “vis-viva," or energy mmtepral. and show that the eccemricity of
B gonie section frajectory s physically derermined by the total energy of the
gravitational system, Agmn, it helps to first establish some properties of the vec-
tors involved. In this context. we will need the square of the veélocity vector, »:




gt [ OO S [ R0 S i
o e S T i
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The gravitational equation may be written in the form

dv _ _ GMm -~

1.1 ey M.
d e !

Premultiplving by v, using the dot product, produces

o 45 _GMm

e r
Substituting
= dr= dd —
F= E!'“' + FE Ha
on the rght,
g d-lT 1 d
YA T ia (+%

on the left, and recalling that &, - &, = | while &, - 5, = 0, we get

{".'rl'm 4.1:
m [Fg )] -
i d (1
dr{ T, l S |'r]
Integrating, we get the energy equation
(2) %m wl - @ = E,aconstant.

In physics, the first term on the lefe, {(1/2) m v%, 15 the kinetic energy of the system;

GiMm
the second term, — J_.r , 5 the gravitational potential energy; E, the constant

of integration, is the total energy. We may evaluate £ by considering & particular
puint in the ocbit. Since r = ep/ (1 — ¢ cos &), r attains s minimum value for
0 = A,
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But
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Now Trom the vector expression for veloily,
o (dey L dB
I _lldf} + |.."'-mll-

But when # = =, the velocity is entirely inthe a, direction, 2o for w o= w,.,.
= |:.l‘%II l|‘ and cquation {2) beoomes

:Ij.r.u.al:u-" - Bmw - E =10,
recalling that A = r d—j cand B = G Now, using the guadratic formula with
the positive sign,

.o Bim - N{(Bm) - dmAE R | TAE
o mA’ ; "I:] = :I

Equating the two expressions for w,,,. and recalling that ep = A/ B

Lte_lee 81 | .'I+2H:£'|

Pi—— i — (i

e Aup AN TNV EER )

wnd therefore

(3) o =y e




Simee pr > 0, we see that the nature of the trajectory depends on the total energy
B

[f E =10, then e = 1 and the trajectory is a perabola;
il E =1}, then e <= | and the trajectory is an ellipse:
if E =1, thene = 1 and the trajectory is & hyperbola,

It s sometimes uselul osalve (3] lor F, giving

R - i |

£ ST
_ GMm (¢! = 1)
2ep '
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GLOSSARY

Apogee

Adrtitude of a spacecrali

Celestinl equator
Celestial sphere

Center of mass

Conjunction of planets

Cosmology
Dreclination

Dhrection ciosines

Ecliptic

Electromignelic specirum

Ephemeris

Creoceniric

lteratsomn

Jiwian

TJulian day

Oirbital peeriod

Peripes

Phaton

The maost destant point from Eacth reached by o body in an elliptical orbit with Earth
il the primary fogus,

[T orientation of 1he spacecrafi in space. with respect to some chosen coordinate
syEiem

The projection of the equatonal plane of Earth on the celestial sphere.
An imaginary sphere of infimite radivs on which celestal objects appear projected.

The poant within a body at which all the mass could be located without changing its
dynamical behavior

The position of the planets when they are on the same right sscension cirele on the
celestial sphere (in other words, when they appear closest together in the sky).

e study of the evolution of the cosmos or universe.
The analog, on the celestial sphere, of latitude areles on Earth.

The cosines of the angles made by g vecmor in space with cach of the three positive
coordingme axes.

The path described by the center of the Sun on the geocentric celestial sphere during
the course of a year

Radiation of varkous wavelengths emitted in the form of wives carrving rapidly vary-
ing eleetric and magnetic felds (Tight is an example of a portion of the spectrum ).

A list of the successave positions of a celestial object on the geocentric celestial
sphere for o series of equally spaced times.

Coneentric with Earth.

A tepetitive mathematical procedure, on an injtially chosen trial vilue, which can
produce improved values of @ desired quantity.

Reliting to the plunet Jupiter.

The number of days, and fraction of a day, measured from noon on 1 January of the
year 4713 B.CL

[he time it cakes for an object o complete ong orbit

The chosest paint 10 Earth resched by a body in an elliptical orhit with Earth at the
prinmary tocus,

The smallest unit (or “particle”) of electromagnetic radiation, carrying one quanium
if enermy.
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Fitch
Right ascension
Right-hznded three-

dimensional coordinate
system

Raoll

Watl

Yaw

192

An angular rotation of an awrcraft of spacecraft srownd an axis through the winges
{which has the effect of moving the nose up or down ).

The analog, on the celestial sphere, of the longitude circles on Earth,

A convention of three basis vectors most simply represented by the thumb, index,
and middle fingers of the right hand when extended at right angles 10 @ach other; the
x-axis is along the thumb. the y-axis along the index finger, and the w-axis slong the

middle finger.

An angolar rotation of an mrceaft or spacecralt around an axis along s length (which
has the effect of tipping its wings].

A unil of power. [In the mks system of units, | wart | joule per second, )

An angular rotation of an sircraft or spacecraft around an axis perpendcular 1o i1s
body (which has the effect of moving the nose from side 1o side).




